BD iS6 227 



DOCOaSH^ ItS,SOH£ 



Slf03Q il47 



AOTHOB , 

* i 
INSTITOTIOH 

5P01IS- iGENCY. 
POa DATE 

EIWIS .JPBICE 
DESCBIPTOBS 



ENTIPIEBS 



'Allen, Frank An3 Others , ; 

Hatha na tics for High School # First Course in Algebra, 
Part- 3, Prelifflinary Edition, ♦ 
iStanforaoniv., Calif. School Mathematics study 
Group* . 
National Science Foundation, Wa:5hington, 
60 . ' 

17Bp,.; For'tela,ted aocument, see EU 173*100. ' 

MF01/PC0? Pas«is Postage." V 
*Algebra: Inegualityj^CHatheaat^s) ;*i!atheBa ties' 
Curriculum; *Hathemati6s Instruction; Secondary^ 
Education; *S€condary School rMathe^natics; 
♦Textbooks . 

♦Equations^ (Mathematics) ;,*S9h6cl. 
Group ^' ' 



Hatheuatics Study 



•ABSTBACT . ' „ ' ' 

, This is the. third .part of "a threes part SMSG algebra, * 

text for high school students. Chapter titles include: Truth Sets of 
Open .Sentences ^ Graphs* of O'piBn Sentences dn Two Variables; Systems of 
fquations ai^d l.ne^ualities: QuadraHc Polynomials; and- Functions. - ' 



: 7-- 



■ % 



1a 



3^85^^ ^1^^^^^ ^l!^ ^^^^^^^^^ ^^^^^ ^i^-j 3^ ^^-j^j ^i^^^^^ ^i^^^^^i^ ^^^^t i^n^ 

♦ • Ifteprodutttions supplied by IpBS are the best that can be made * 
. ' * from the origi^iia^l docuaent* \. . . . * 



rvi 
rsi 

CO 

C3 



SCHOOL 
MATHEMATICS 
STUDY GROUP 



V; S Of »A«TMfcN^ HtAtTH 
I OUCATiON A Wl I FARE 

N * .» I t NATIONAL iNST I T\J 1 1 0> 



MATfMlAi HAS Br lN GNANTtD 8V 

Harv L-. CKarlis 
of At MSF 



JO TH^ ,J DUCAnONAl Mf.SOUHCfcS 
^N^ vOHMATiON Of NTf R ,J RIC). 



> 



i^ERIC - 



> 



7- 



MATHEMATICS FOR 
•HIGH SCHOOL 

FIRST COURSE IN ALGJ^RA (Part 3) 

(preliminary edition) 



1 




-ERIC 



MATHEMATICS FQR HIGH SCHOOL 

' FIRST COURSE IN ALGEBRA (Part 3) 
(preiirainary edition) ^ 



Prepared under the supervision of the. Panel on Sampk Textbooks of thcSchod t 
Mathematics Study* Group: * « 

. Frank B. Allen, Ly<$ns Township High School 
Edwin C Douglas. Tdft Sdio6l ' . • . • • • ' 
Donald- E. Richmond, Wpiams College • ! J, 

Charles E. Ripkart, Yale Umversity • ' ^ 

Qjcy Swain, New Trier TownsHp H% 
Rohertjr Walker, Co^^^^ - ______ 



■ « 

V 



» I, 



A. 



Finaudal support for-4he School Mathemntics Study Group has been provided by the 
National Science Foundation. ' 



'V 



\^ X:opyright i960 bj^ Yale University. 

• 1^ - ■ 



PHOlbLtTllOntlNTED BY ^fKW ^lAVEK FfllNTlNC C3a ^ 
NEW IIAI^, €C»mi:CriC»n^, tmiTl^ STATES OF AM 



3^ • 



ERIC • V . 



FIRST COURSE IN ALGEBRA 



; '{Part m) 



Table of Contents 



r 



Chapter 10 ' Truth Sets of Open Sentences 



Chapter ir 



Chapter 12 

Chapter 3,3 
Chapter 14 



Graphs of Open. Sentences 3^ 
Two Variables 



Systems of jEquations .and 
Inequalitils 

Quadratic polynomials 



Functions 



Page 

- , ♦ ^ ■ 

375 
406 , 

•467 ' 
492 
508 



\ 



; I 



V 




o ■ 
ERIC 



5 



Ik 

1» 



V' 



• . ■ y Chapter lO • ^ 

Truth Sets of Open Sentences . 
10-1, Equivalent . open sentences . Let us recall some 
open sentences whose truth^ set-s 'we found in earlier chapters. 

ExaTflp leyl-. ' 3 +**x ^ 7 (Section 2 - .8). By ^guessing, wfe found 
that h. was a solution, that is, "a member of the. truth set. ' • 
Then we showed that any number different from 4 -could not 
be a solution Qf the equation. Together j> what did these tv/o 
statements'^prome. about tS»e truth set of the equation? Do 
3 + x, ,= 7 and x /'4 have the same truth set? 

Example' 2. 3x + 7 « x + 15 (Section ,6 §),. *Herfe we used the 

■ . 7 ^ • 

addition and multiplication properties of equality to show that 

every solution of -Sx.-f 7 = x 4-; 15 Is a solution of ;2x « 8 , 

and every- solution of 2x = 8 - is a solutjfeon of x « i » • 

Since l^e solutionX of x- = ' 4 obviously is 4 , we knew that the 



only possible solution of 3x + 7 « x^VsJ^S is 4 , Can we 
therefore say that 4/ is a solution of the original equation? 



How c an we determine the truth aet of the equation? Can you 
exfalain why Sic +' 7 •'k + 15 , and x a .4 have the same 
truth set? - , , . > • 

• ^ In v^orking 1 we used^some gi^ssworki in _ 

Exsimple 2, gueSsing was. eliminated by finding a much simpler 
equation,. X « 4 that has two advantages: its truth set 1^ eas^ 
to see^ and its "toith set' Contains' every ssplutron** of 
3x + 7 «. X -1; 15'. On the other hand, either by starting 



10-1 _ • • • . 376 ■■• * 

^ w.ith *i and working 'backwards, or by substituting 4 into*"' 

3x + 7 « X + 15 , we find that every solution of x = is a"- 
solution of '*3x + 7 ^« x 4: 3^5 . ^ Thus the two' equations have 
exactly the same truth, set,- and the truth set of - 33j, 4- 7^= x + 15- 
consists of _ exactly the one number 4 . 

Is this reverse argument necessary? If we fej^ild. from 
our, original equation a new simple equation, can we always be 

'sure that the new truth set is exactly the truth set of the , 
original? In ail our example^ so far^ the new truth set has been 

, the same as the original. Let us' try. k new, example, 
^^ample 3.- v^*+ 2 := x . = . . . 



If X is any number for which the equation is true^ . 



then 



» X - 2 , ' ^ . . (Why?) 

■ /■ ' \2 ^ ' • * 

• > X « (X - 2) , , -By squaring both 

2 ■ , - - ■ < , ■ . sides. 

X ^ X ..4x-t^, ^ , CWhy?)-. 

^ . 0 « X - 5x + 4 , / {Why?)_ 

• . 0 « (x « 4)(x - 1) . (Why?) > ■ 

Tijus every solution of --v^-i- ''2 = x 1^ a solution of * 
0 * (x - i^)(x - 1) . The truth set of th^a^ last equation is 
^Cl> ^} ; givfe reasons for this. May we automatically assume 
then, that (1, .4} is the truth set .of the. original equation? 
^a-t is the""truth s^^^^ 

last truth set is iiot ^e same as ighe truth set, of the original 
equation, \j . 

Zeroises 10 - la ; #ln each par^ of each of the following nine 
-problems, a^pair of eqli|Ltions is given. Show that every solution 
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of the flTSp etqu^tlon is a solution or the second equation, .noting 
' • at each step what " you have done (for example, ad^ed -J*' to each 
side, or multiplied ' each side by 2, or sqt^Ared both slde^, etef) . 
Then see if, by reversing your steps (a.dding 4 to each side, 
multi|)lylng by 4 , etc.)'; you can' show that every solution of the . 
second equation must be a solution of the first, Ij^ ij^t, try to 
find a solution of the second wKich is not a .solution of the first. 
1. , (a)^ 4 -J2jc' =/-10 ; -2x v" 6 . • ' * 

<b) .-23^ ^ 6 ; X. « -3 . . # • ' . 

2; (a) 12x'4- 5 - 10 - 3x r I5x , 5 . 

(b) rsx =.-.5 i . ' \ ' • . 

3. (a).x''-4 \0 (x - 2)(x + 2) = 0.^ , . * 
. (-b) - 2)(x 4" 2) = 0 ,* X - .2 « 0 or x 4- 2 = 0 . / " 



\ 



4. (a) x « 3 ; x^^ « 3x . 

(b) x^ ^ ^ 0 

'5. X ,1 . a 0 35%»- i « 0 



6. x^ « 4x5*+ x^ 1 « 0 5 (x^ ..4x5;^ ^ ^ q 

7. '/|x| =..1^ ; x^ 1 ; 



• 8, : x^ - -3 « 4 x^ ; 1 = 8 .. ' 




) 



There seems to be a fundamental difference betweeti . 
Example 2 and Example 3.. In Example 2 the original equation and 
the final equ.atlon, x a'4, have exactly .the same; tr^th setj in 



Example 3 the original and the fln^l equations^do not have th< 
same t^th s-et. Thus,, when we change equations ;lj6ometlmes the 
truth set is changed. ♦^But suppose we knew ways of ohangihg 
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V 

4 



sentences so as always to leave the truth sets uwchanged. Then 

s • • , . ■ . ■ • • 

we could. use the following short /and correct 'procedure for 

T ■ • 

finding the truth s^ef of a sentence. Chan ge the sentence' to 
simpler sentences, at -each step b_eing sure that th e method for * 
^ fe:^ s'^ep has left the truth set unchanged . iCeep this up" until we 
Ml a, sentence whose truth set is obvious . This truth set is then 
the truth set of the original 'sentence . 

. Thus v^e want to concentrate, on *how. to change a^entence 
to a rtew sentence in such a way that -the truth -set remains th^' 
same. We give a name 'to sentences related this way. 

T^yo^ sentences wltH the same truth set, . . 

L * ' » ' ^ • • * * 

" ^ are said to be ^ equivalent . ^ 

The, question now is: What xjperat ions can we perl^ipm on* 
an equation that' will yield an equivalent equation? • • 

. For a clue let ,us looli: ^t Example 2 more closely. Every 
solution of 3x 4 r x + 15 Is a solution of x = 4 because 
we added the r e a l number (-x - 7) to both sides of 
3x + 7 = X 4- 15 and then multiplied botn sides' by the non-zero 
real number* ^ .. (Is. 5lt certain thaf , (-x - 7) is a real number, 
for' every real number ,x ?) ' , . 

I Now that we know that* the truth set of 3x + 7 =; 3C + 15 

is a pubset of . ^he. truth set of . x = "4 , w^ are at a crucial 

point. Do , we know that thes^ two equations are equ|.valent? No, 

• » ' - , ■ . . • * . . ■ ■ _ ... . . ■ . . ' , . ^ . ^ 

if 02* w^ h.ave npt proved tnat tnese truth* sets are* identical ; . 
pe^aps the new truth set is larger than the old {rememb,er that 
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in Example. 3 ne performed* aii operation which did make the tijuth 

aet lai*ger) . , . -* * 

. , •* ■ . ... . • 

:. To be sure that the truth set has not lncreas.ed,\e have 

tQ.>re able td go^ backwards, too, and'' show that any solution 'of the 
Ikst equation is, a solution of Mrst , What must *we d© to 
3t « 4 to go back to ..3x + 7 - X + 15 ? You see that every 
solution of X ^ is a soiutiin of 3x + 7 « . x + 15; because 
we may muAlply both sides'of x = 4 by the non-.2ero rea\"number 
2 (t*he reciprocal of 4) and then add 'to both sides the real ' 
number x + 7 (the. opposite of (-x - 7) Now if every solution 
of 3x t 7 = X + 1$ '<ls. a ' solution of x « 4 and every solution 
of X = 4 is> a polution of .3x + 7 ^ x + 15 they have - 
identical 't^i-uth set^) that is, they are equivalent equations. ^ 

Exercises 10 - lb. • • * 

r- ■ , - - - . , , , , • . 

^1. Using your work. on the pairs of equations in. Exercises * 

10 * la, list those pairs that are .equivaa.i^nt,l» 

2. Using your work in I^oblem 1 or in Exercises 10 - la, ;^f ind * 
- " * • ''"u 

out if each of the following pairs of equations are equivalent 

(a) 4 « 2x « ia; i««>.3 • " , ^ ^ / 

(b) 12x ^ « 10 V 5x ; X « i ^ . ' , 

. (c) x*" - 4 = 0 J X 8 or x ^\.2- , > . 

^ -(d) X « 3 ; ^{x - 3) « 0 ^ 

(f ) Xx^ - 4x5 + .x2 + 1 )i('X - 1) « 6 - 4x5 4. .x^ + 1 0 

\' (g) |xl«i,. X^=l . ' . ^ ' 
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3. . ^tJsing your work in Problem 2, fin^ the truth sets of the' 
following' equations: ' • ^ * 

(a) * K ^ 2x' =3 10 

(b) *12x + 5> « 10 - 3x' • . 

(c) - 4 « . 0^'" • • " . 

(d) x(x 3) .a 0 'I 
( ej^ X - 1 =i 0 

(f) I'xl =, 1.. . • ' ^ • 

* Ar* you sure in each case you have found ;^he truth exactly? 

* 4. ' .Often we can simplify one or both sides of a sentence. What 

. kinds of algebraic simplification -will yield .4quivalent - 
sent^ces? Consider combining term^: Are 

3x - 2 - 4x + 6' ss 0 and -x •+ 4=0 equivalent? Con- 

■. ■ . • 

sider, factoring: (^re x i. ^ + 6 » 0 and 
^ • ^ (x - 3)(x - 2*) ^0 equivalent? Are y^-fg - - s= 4 "and 
X + 2 s= 4 .equivalent? \ ^ " 

In working w;Lth the equfiftion 3x 7 = *x + TS-^ we 
added (-x - 7) to bo1;h sides. Notice that we could do this 
with conj^idencte because (-x - 7) is- a "real number for every 

value of X , What if we began with the equation x s 2 and 

■ • 1 * ' ' ■ ' . • ' » ' ■■ . " 

added ' ^ - ^ ' 2: g to both sides? The new equation 

* * ^ X 2 - ^ X ^2 



has'-lts truth set empty, whereas tj^e equation x .=s 2 has the- 
truth set {2} iic^Gdiil Probl^„9-.in Exercises 10 - la), Ip, 

changing our equation we lost the solution 2. The 1;rouble here 

• ' ' ■ * '1 
\13 that, for some value of x, —l^^±q not ^ real number. 



Which value of ^ x is the .^culprit?- If we ^are tempt e^^ to, aad 
such an expression ^o both sides-^of a. sentence, op i^at^iply . eaqh' , 
side by, it, -we may lose a .solution as 'we. did /in the, present 



example » In this qou'rse we should jtever perform on a sentehd'e 

an operation that^ might losje members; of "its truth set.> Solutiohs 

•■ ' . . . , ' . , • . • ■ \', 

lost by such operations- are >eldom 'found again. 

. ' > ... • ^ ,;>■ ^ ; ' 

* . Jn', Example 2 we multii^lled both sides , of tihe equation/ 

1 • ' ■ ' • " ■ ' ■• ■> • ' . "-r ^ ' . 

by , ^ What happens If we multiply both sides of x 1 = 0 

by X - 2 ^ The neyi equation (x - l)-(x. «. 2) O . has'the truth 
set (1, ,. whereas, the former has thestruth set CD . liJhen we 
choose tc multiply both sidHfe of a sentence by;J|i expression*^ 
the truth set will not shrink (no solutions will, be lostT pi^P- 
vided the expression represefits a real number for 'every real . • 
number- value of the variable," But if* the expression' has the • 
value 0 _^for some x , the truth set may get lai^ger, Vs it did 
in this example. ' / • 

Let \lk use- the name; real^xpression i/o' denote an" 
expression whlcn represents , a real number for. ev^y real number 
value of the variable. , A real. numb<^r, such as- 4 , is automatic 
cally a real . expression. Why is (x + 7) a\real expression? 

' • \ * 1 ■ ■ 

Explain why ■ ^ ■ ■ ■ ^-g ^is not a real eacpression.. Furthermore, let 
us say that ^ never^zero real exprtesslon is: a re^l expression 
.which is never ' 0 for . any. value of .tHmsvarliable. 1(/e toow that 
(x' -f 7)' is a ^real expression, ""but-.-^s *Tt a ..never-zero rea\ 
expr.essi9n? Why^ Is y^ + 1 a real expression?- A never^^zero. • 
real expression? ^IJpw about 1 - Jxj.? "\/^^ opposite of a 

real expression also a^' -r^al expres9l<|6Sa? * Is the reciprocal of a \ 



.never-.zero;real fxpreesio^^lso a never^zero real expression? 

: / I readjr t<x s-ftate the operations on equations 

t^hich yield ^equivalent equa^tlons; : - * * ^ ^ . ^ 



• If th*e same real expi^fes^ion is added to both 
:sldes-, of an equation^ or if both sides are multiplied 



by th§ same never^ z ^ro real . expres slotk the 

■ ^ ; ■ , • 

resulting equation is , equivalent to 1jh% original . 



4 
* 



• Now that, we know some operations on. an equation that 
■ • , . . " ■ ' . ' ' " 

• ^ . will' yield equivalent equations, we* can state our toaJLn 

procedure for finding 'the ti^uth set of an equation.- . 

P Starting With the equation Whose solutions are to be 

fourfd^ build a chain of equations; that, ends in a^ simple- equation 
'Whose truth set is obvioufe. Be sure that es^ new equationjin 
the chain is. got either b;^ adding the same yeal, expres slon to '- 

^ ' ~ ^ — #> * 

, both Sides of 'the preceding equation, or by multiplying both 
sides of the preceding equation by the same never..zero real 
expressidri, ~The truth set of the final .simple eq^ 
truth set of the original equation. ' • - - 



Wit'h this method, the truth set of / 3x .+ 7- « x +.1-5;. 
iian. be_ f ound liice thlai - - - • . - . - 

, . , ' 3x + 7 « x t}- 15 * - ' 

. 2k 8 . (by adding the real .expression '(.-x - 7) to 
• both sides) ^/ ' ^ 




, : * , .383 . ' . ;* 10 - 

^ ^ (by iHultiplying both sides by the real' - 
. \. ' ^ * ' 'expression^) \ • _ .* 

The 1>ruth set of x « 4 'is {4} . Therefore thil, truth §et of 

' 3x\+7 ^ X > 15 ^is {4}' ; .1 . 

As another ejcample, let us see how this works with a 
" more.' complicated equation. 

. Example 4! Solve >n ~ % . 

r ^ x*=^ + 1 2 

• (We "splve" to mean "find . the truth W of",) Multiplying 
both 3ide.s by ' the never-zero real expression 2(x^ + 1),' we 
obtain the" equivalent equation . * 

2x 3 X + 1 ' (Give reasons.) 

Adding the re^l expression (-x^ -1.) to both sides of thil ' 
equation, we have the equivalent equaticin ' . . .. 

* ' X 1 , , ' ^ 

This final 'equation, and hence tb® original equation, has. the 
truth set {i, -1} . Why?, 

Let us recall^ what happens when we Wltiply both sides 
of an equation by a real- expression^ . If the real ^expression is 
; never-zero, the "new equation is equivalent * to the old> and 
. has the sa^\truth set. If we tl^tok (or If we know) that the 
-^xpajesslon. be 0 for some value o£ x^ tl^ A>m^ <^ 
/ that every solution of the first equation is, a. solution^ of th« 
% seeond and that the secdnd'^aiay have solutions that' 'are. not 

solutions of the first. Nevertheless, this is enough to give us 

.... . , • ■ , ' , • ' , '. ' . ■ . . 

another method for finding .the Iruth sat of an equat^Lon, as 



'follows.. Multiply both sides of ihe original equation by gome - 
rearl expression, choos'ing the e'Jftpression so that the 'new equation 
is one whose truth set you can find. Then find the truth set of 
the new equation. Test each member of the new ti'uth set by ' 
Substituting it in the ori^nal equation. Those' that , give ti»ue 

numerical sentences form th^ truth set" of the first equation. 

1 * 1 
Our earlier example, x + ' ■ - a * 2 +• ^ ' ' a can be" 

handled this way if we multii^ly by the real expression x -*2 1 

The nevi equation is x(x - 2)' + 1. « 2(x - 2) + 1 , We have to 

find the solutions of * this equation antl^test each one in the 

original equation. The way to find the solutions of the new 

equation is to f ollow, pur'^main procedure, building a chain of 

equivalent equations:*^ ' , , ' / ^ 

x{x- 2)^+l = 2(x - 2) + l-, "v. 

. ^ ^x(x 2) 2(x - 2) , .. {How?) ' „ 

^. , :x(x.-. 2) . 2(x -.2) a 0 , • (Adding what, real 

• expression?) 

(x - 2)(x - 2) « .0 , (How?) 

The last. equation obviously has (2) for Its truth setj so the 

new equation has 2 for l»t3 only solution. Vft?,en we test 2 in 

« • ■' 1 ■ * ^ 

the original equation, th« expression ,a" cKJCurs and is -not a 

"^'^ " ^ ' £m ^ 

number. Thus 2 is no t a solution of the first equation j hence 

the equattort^imB^ an^^^^^ 



Exercises - lc» ^ * 

1. Identify each of , the following expresslonp as beihg one of 
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these th3;»ee: Not r,eal^ .real and soineit.imes zero, neyer- zero 

.2 



r€fal. Explain the reasons fop your decision. » j 
(a) X? - 4x (g) 



+ 1 



(c) 3 + r + I (1) Vv^TT 



(d) . yr+T ^ (J) -3 ^ 



(e) iy + 1|, -(k) 



X 



For each of -the following pairs of Sentences, determine 
whether ®r not the pair are equivalent.j^ , . You oah prove a pair 
are equivalent by beginning with' either sentence and applying 
operations that yield equivalent sentenaes-, until you arrive* 
at the other sentence of the pair. , If you thini? Ijhey are ndt 
equivalent, try to prove £t by finding- a npaber that is 'in the 
truth set of dhe, but not in the truth set of the other, 

(a) 2s a 12^ . , ; .s « 6. . » . 

(b) 53 « 3s t rS S3 « 12 : 



(c) 53 - 4 « ^ + 8^ * j s « 6 
.(ja.) 7s - $s « 12 J / ^ w 6 



(e) 2xf + 4 » 16^ J ' x^ » 4 

(f) '3x + 9 - 2x « 7x ~ 12 J I a X 



XO; 


1 


» 

X • as X - 1 
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. y ~ 1 ' ^ 
|y| + S =.3 

• • 


i ^ y - 1- « '.3(w. +^) : , 




(J) 


X^ 4- 1 \ = 2x 


I (x\-. 1)? ,= *0 * • * • ' 




, (JC) 


x^ - 1 « , *x * *l 


s ^^x + i» =1 




■ (1) 


=• 0 ■ 

x2+ 5. ' - ■ 




■ f 


(m) 


v^ + 1 =s 0 


I |v - 1,1 = -1 ^ , i 




(n) 


-.1 < t < 3 


; 'It - li < 2 i ^ 


i 


Change each of the following to a simpler equivalent equation : 




(a) 


y -f- 23 = 35 . . 






(b) 


-19/ 


• (e) x(x^ + 1) » .2x^ + 2 , ; . ; 




(c) 


6 - t « 7 .. 


(f) ndyl +1) |y| -i-.i . ' 


^- 


Solve (that Is, find the truth set of), if possible: 


■V 

J » 


i (a) 


lit + 21 « 32 • 
^ y 1 


(s) ^ \ + 1 ' . 

(h) 4x 4- a /2^« . X + (6 


i ^ 


• {c) 


^x IT. 33- 


(i) x^ 4- x^ + 1 x^ . 




. (a) 


6 - a ta s 4. 
s - 6 S3 6 -■ s' 


(J) yW^+y^+y+i«y^-y^+y^-y+i 






3 - "6 » 8 + 6 


(k) x^ +'3x . « X - ^ " 


5. 


* 

Solve: 






(a) 




(d) lx| + 1 « X * . 




jii; '=^,...,:^...i,..: 



(b) « X 
x^ + 1 / 

(c) jx - l| a .3 



< 



(e) |8 + 3al « 



... ^387 ■ A- . .10-2 

b. \Show that .any pair of numbers (x, y) lor which e3,ther one ' 

of the equations — 3x + 18 « y + 23. y 3x 4 5- is true 

^alfeo a pair for which the other is true I What, - then, is 

the* relation, betweerj * the set of , all solut|.on pairs of the 

■ first equation and the set of all ^o3>uti6n pairs . of -bhe . 
. second? . 

7. Show that the eq^j^'Cions . 4x - -ly 6 and , y = ; 6x - 9 
are equivalent. ,: . \ 



a. Find -the -dltaenslons of a rectangle vrtiose^perimeter is 30 
Inches and whose area is 54 square inches/ 

9. Pind*t|iree suc^^esslve integers such that the sum of their . 

■ *• ..... 

squares ^.is 61, .* . . • 

' . > . , • * • _ ■ « . • • . ■ • ' 

lOy For an expression*' in one vaii'iable, the set. of values of- the 

variable for which the expression represents a r^al number, is 

called the doinain . (or universe ) of the e.^pression. Vmat is 

the domain of a real expression? Det^ai^mine the domain of 

each of , the expressions of problem 1, * 



^0^2, Equivalent sentences ; Inequalitieit If a sentence 
involves one of the relations , , "j^" , we call- 'it 

an inequality . £et*us see what operations may be performed on 
both sides of an inequality to yield an equivalent^ inequality. 

For example, suppose we try to f ind the 'truth set of > 

3c 15 < ij' •+ 18" • , . , 
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< We • have available the addition propV^ty of order, which states: 

• ^ #* • • Fpp/^eal i^uml^ers a^ b, c, . ' ^ -v ^ * 

■ *a < b if ^nd only if ^a'+ c < b +. c . ^ 

This suggests that we may add to both sides of the inequality 
the real numbe3^- (/H..^ + 15) to pbtain l^x < 33 . Are :$rou sure 
that (-^ + 15) is a real number • for every reajL" value of x ? 
Notice, that the opposite, - I5) ^ is also a real numW for 
every x , and adding (^--15) to both sides 6;^ l-x < 33, gives 
X T 15 < ^+18 , Hence, / - . * . 

and- ( . ■ ' ■ . ;-. .^^'V 

"are equivalent? inequalities.. ^ . * . . • , 

Now we recall the multiplijsatipn property, of order.: 

^ For real numbers a, b, q, - 

. If a < b and . c > 0 , then ac,< be • ' 
! ■ if a < b and c < 0 , th^n ac > be 

n ■ • . *» .... 

. ■ ■ , '. ' ^ • ' ' , ' • . ' ■ ■ 

This propertfr suggests- that we multiply both jsides of the second 
inequality by the positive real niSinbfe? ~ to obtain x < 44 , 



The reci|^ooia, ^, Is also a posltlve\real number, and 
multiplying, both sides of : x < 44 ; by * . we ^ave ^ < aal . ^ 
Hence, < 33 and x < 44 .. are equivalent sentejices. What can 
we " then aay about x -15 < ^ -I- 18 ' ana x < 44 ? What is the 
truth set of the oroiglnal sentence ? ' 

' • . ■ ■ •• ' 1Q ,.' ■■ ' ■ ■■--t^' 

- , • ^ . ^ ' %^ , • : \ .\ ■ ^ .... 

. * . ^ . ^ , ' ' Vi. 

V V . ' - ■ w - .... * ^ ' ^ V -.^^^ . \. ^^fy.-. * . " ^ - ' • .r'l^^U^'V.^ 



^" V • ^.'''''^^ '''''^ ^^^^ operations may perform oft 

, ^^?^:i«^ii^i^Vto yle^d equivalent ^inegualiues 'are somewhat 

v aike those i^or equalities. Lef us . call a^ 'positive, real,, , 
• expression one which represents positive -real numbers/f or all " 

^ real valuer of the variable. , Is x + 2 ^' positive Veal-- ' ' 
; egression? is + 2> Is x^ - 2 ? is ^ |x - 2| > ■ * 

, • ^/ ^^^^ e^P^ession ^1^^^ 

an inequality, th.e resulting inequaiity is equlv^ent 
. tq the -original.. , , 

• ^ . ^ If both Sides of an - inequality are multiplied .bv the 
. .t ■ ■ • -^^^e ,PP^^^^„ye real exj)re33ion-;^he resulting 
- X ' inequality 'is . equivalent to the original. .. ' . . 



'Bmlt Solve" : |y-"6 < 2y 4. |- ^ * • 

. We may first rid the sentence of fractions by^ 

multiplying both sides by ^he;positive real number ■ 30%., 

. " . , ■ . : 2J|y - 180 < 20y +,,25 . - 
Now .e add the real expression -20y + I80 to both sides: 

Pinally, we multiply by the positive 'real number i • • 

■ ' one f * " , " 



What u xne t^th set of the.' original ,i„^uauty? Explain why 
all tihese sentences are e(juivaient . ' •, ■ ; ■ j 



is' 



M^m^e 2. Solve --^-i . < 1^ 



/ >Slnce X + 1 is 'a positive real^^expression, we may. ' 
/mulUoly both 3ides by- x^+.l to .obtain the equivalent / , . 
'Sentence , ^ . . , • 

By -adciing -1 to- both sides, vve have the equivalent sentence 

The. truth set of this final sentence 1§ the ^et of all non-zero, 
reals. This is also'the truth set of the original inequality. 
Ssplaih -^-ihyi > . 



Exercises 10 - 2. 



1. sJlve the folloMlng inequalities changing to simpler • 
equivale^V inequalities-: . . 

. (a) xH-12 ;< 39..'.^V - (f) |< ^+ I - 2 • ■ 
ij)). -^x <,3'5 - X . •• ' ^- • (g) 5 ^ ^ ./ ^ 

(o) V5"m-'2x > . (ji) 3.:„.. < _2 . : 

2, Solve the following ■ sentences : • 

(a) 1 ,< Ax .+ 1- < 2 . - 

(This is equivalenV to '1 < 4x:+,l and; i^x < 2''') 

(b) ' 4t - 4 .< 0 and 1 - 3t < 0 . \ ' 

(c) -1 •< 2t < 1 . ■ : • : ^ 

^(J^-^^^-gt^-^™^-^^^^^^ €t - 3 >-0-> — : — 1~— — — 

; ^(e). |x, Ij < 2 . ^ • ^ ..'^ 

; .^^{g^hi&s^is .eq^lvalfent to. "x -1 < 2 and -x'f 1 <'2 ) 



• . »\ ' , > • 10-3 



(S) |x + 2^ < ;| , 
* •(h) |y> 2| > .l * . r « 

• * .(This- Is eq\iivalent.tb "y + S > l or. -y - .2.> • 

• (1) 12JC.-.4I > ' * 

3.>. Graph the truth set^of the seniencea in problems 2(a) 
(c)"., (e) and (h) . ' / ' , - 

a- ytegatlve real expression" is one v>hich .represents 
negative real numbers for all real values of the variables 
determine which of , the followih« are negative re^l 
expressions: , , . * , ^ ^ , 

-; (^) ^ ; . • ■ Nd): ;i-x;- ir * 

• (e) -Ix '+ll . . . 

(c) , (f) O ' 

5. Suppose we multiply both sides of an inequality by the same 
. negative ^eal- ; expires s ion. -.What do. we have to da; to the ^ " 
■ .22:^ ££ tjre rlnequality if the resulting inequality is to be 
.true? Are the two inequalities theji equivalent? 
Solve the following:. ." 

' ^^h ^ > M - 3.).< 2 i (c) -(23C'-. i|.):> 5 

6^. Salve 3y X 4 7\ < 0 for y ; that is, obtain an ' 

equivalent sentence with y alone on the. left side. What ' 
. is the truth se't for y when x « 1 ? Now soive for x\ 
WKat is the truth set for x if y = -2 ? 



. 10 n 3/ , Factored ^ e^^ When in Chaptet> o you^ 

solved factored (Quadratic equations suel\ as r T 



10-3 , , ^ , 39?" 

. * ' » . * * , • > * V 

you needed the important property »of numbers:- >» - 

For real numbers a . -«tnd b- , « •• ' / 
ab = .0 if and only if ,a « 0* or b = 0 

Restate .this property "for the particular a 5>nd b in the above 

» ■ ■ • . •■ 

equation, " Interpret the . "if and only if" -.in y6ur own words. ' 
It is this basi^B property and the fact that' x - 3 and x + 2. 
are real numbers for ever,y real nuiiibS^ x , that guarantee the 

truth set of the sentence "x - 3^ 0* or .2 O"^ namely, 

' ' * ■ " * • / ■ ^ 

[3,. - J} In other words, " * .■^^ 

/ ' The equation '"ab = O" is .equivalent to the sentence .. . 
; "a = 6" olp b - 0", provided ^ a and b \are real 

expression^. . . 

• ^ " " ' ' > - • \ 

Hovi would ybu extend this property, to equations- si^ch Sis 

abed 0 State a general property ;?pr' any number pf»fa;ctors. 

.What is the truth set of " .\ ' ' 

(x + l)(x » 3)(2x + 3>)(3x - 2) « 0 t 

. ' * " 'jPhe union of two ^ets A* and B is the set^'of numbers 
that are either in A br in ♦ B (or in' both). Thus, the union of 
{3,2}: and (3,1, -V}.^ is .{3,2,1,11} . T/fliat is the unioh of^ 



{^,^,^5-0} and- f^,^,it,^} ?~Hitoat-^ the-T?eiationsla±p between-^he~ 
truth s^t of "(x ^ 3.Hx - 2)(x. + '2) « ' O" and the truth sets 
Of "(x. r 3jUx' - ,2) ^ ' 0" .(and ' V> 2 =.0" f This example \ 
illustrates the fact that when, a and b- 'are thought of as being 

' ♦ ' ' ♦ . 

expressions' such as --(x - 3')tx 4- 2) and' (x - 2) , or even more ' 
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1* 



complicated ones,' the above pi^operty can.be restated as follo'.«s: 

Tae truth i^et of the equation ab ^= 0- is the- union of 
the truth, sets of th.e two equations a =0 ,^ b = 0 , when 
a and b aire rea'i expressions. ' ^ 

Exercises 10 ~ 3a. : . . . 
W: Find th^ truth sets'pf: 



(a) ^(x + 2)<x + l)(x - 2)(x + 3) = 0 . , 

(b) (3x,- l)(2x +.l)(x - 2)(4x ^3) = 0 



2, ^ Solve: 



(a) .(x^l X + 2)(x +3) = 0 

(b) - IH^^ + 5x + 6) '= . 

(c) (x^ -.;5Mx^> '2) = 0 

(d) x(3x^ ,r 3x)(x^ - 4) 0 

(e) x^ + X ^ ax^ . - 

(f) 7""+ 2 - O.^r 
.3 



0 



J, 



3.. Solve x. « i by arguing about /the "size" of x . 

(If \x^<.l, . vihat about ? If vx >" 1, what about x^ ?) 



^P^v®, ^ i /J^y writing it J[x^)^ - 1 a= ^nd factoririg. 
5. ' IPlnd a polynomial which has the. value 0^ each time x takes, 
a value in the set (V^^* - > 1) . • ' ^ 

^6. Find the truth set of Ijhe 'Sentence ; 



l^'-' i\Y^ q' and jx - 2| < 2 ; • 

■ • ■ . . /\ ■ , ^ ■ ■ 

:i / Noi^ -we can Xelsirn more about the ca#e \ln which we -multiSly , 
both Sides, of an. .eqVajtion; by -an expression whf eh f 9^ somevvaiue 
of the variable may be, 0 .'or not a reai nuintjer. * 

• • , " . . : ■ .r: • » • .'V*> ■ ■ ' ' ■ - 




♦ . , Consider 'this example: Solve * ^ • . 

/ - (x - 3)(x2 .-l) = Mx^ . 1) . , i 
. Our .first impulse Is to multiply both sides by .g-A. . : .. . 

, BjAt. — — - is not a real expression. , Ifliy? Instead, 

X 1 " ': _ ^ ■ • 

since 4{x - 1) is a real expression,. let us add -i^(x - 1) ^ 

to^oth si^es, " giving • * ^ ' . .. 

• ; • ^ (x . 3)(x^ - 1) - Mx^ - 1.) : 0 , \ , • 

: {x - 3 - >)(x^ - 1) ^= 0 , - (l/^hy?) ' ^ 

♦ ■'- • . 

. > .(x - 7)(x - l)(x + 1) = 0 . . ^ ^ 

Among these sentences each is^ equivalent to everj^ other. . l?/hat is 

the truth set -of the original ^sentence?- If we. hadf'multiplied 

each side i\inthinkingly) by -^r^i — what would by the truth set 

. of the resulting sentence? ■ 

• „ , We see that,' in "general, the follovjing are equivalent 

' . sei$^ences whe\i a, b,. and o are any; real expressions: . 

ac « ic , 

^ ^ . , ^ ^ ' ^ . * ~ * * ^ ■ 

* ^ ' ; ^ / ' ac - be « 0* ^ ^ . - . 



" • • A ' ' ^(a - b>e = .Q^, _ 

• • ; ".a\- b « D or c ,«-0 ; 

This tells us - thit the. truth set of thigr sentence ^ . » ' 

. . , ac = be-. ■ ■ ; . • , . . ; 
is the union of 1^he truth, sets of a' » b 0 ^ c a Q when' 
b;; and c are -real'. e3C|5reSsions . ' . • ' ^ 

Zerois es 10 * 3b. " ' - ' '* ' 

.1. Multiply both sides of "t^e equation* "x a 3" bx*. {x - .1) 
Compare' the new and the origii?al', truth sets. ' ,\ . > \ 



2. Muitlply-^bpth, Sides of. \th^ "t^'^ i" by (t + l) ^ 

.Compare the new a«d ^the-drigihal ti^\ith .affets.^ Discuss ^n:}^ • 
differenees the two "^multlpji cations made in the truth sets in 

-3. S<nve: . ^ . ' * , , ^ " ; > - 

■ (a) (3 + x)(x^ + 1) . ^ 5(3 + x) , , > . ! ' /. ' ' ,* : ' 
V (b), (2 + 'x)(x^ + 1) « 5(2+..x)V .V . / 

\(c) 3,{x^ .4) ^. (4x + 3){x^ -"4) . ' ' 

Id) (4x+ 3)(x^- 4)' = ll(x^ , 4) . ^ • 

Practional equations . The expi^ession i is ; 
not a t»eal number v/hen x - is 0 , Therefore, vjKen we try to . 
solve the equation' \ \ . . 

we are' limited to numb to other than 0 15:nowa,ng that x 

! ^ ■ , ; * . ■'" . ' " 1 . ■ ■ 

-cannot be 0 , »iay then vmult iply by th% •non-zei'o number x t< 

obtain , . ~ . .o. , • ' 

, ♦ 1 _ . ^ • „'..■.• •• 

^ ^ ■ JIf ' • - ^ ^- • 

^ 'ill* ~ 2x1 ^ w" * » ^ s - 

Hence,. ^ « 2" and "1 = 2x, -and xV O" are "equivalent . 
sentences'. "The latter has the £rut%. set j4} . . Th\is .i *is the., 
solution. , " • <■ ' ■ 

» . - * , , 4J * . ^ 

Another way to handle this* same problem is to add -2 
ta both sides of . « 2 , giving ~' " , . • " ; f 

. • ^ - \ « ^ ^ ^ ' ' 1 ^ \ " . , t» * ( , ^ 

v-^ : • • ' . ^ V : - ^ 2 8» V , ' - - ^ 

. ...... ■ ; • --^ • 

■ *• , 1 2x .^ 0 - (Why?)" ,y 

' ■ . ■ , ■ • ' ' ' •. ' • • ■ '. • ■ • . • • 

. W3:j^t are the requirements on' and .. c ft>r the number 
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1^ t^o bfi"';^^^ ihey are first^/.that / 0 (why?) , and second, 
that 0 Thus the sentence., ^=0 ie equivalent./ \ 



to t<lCe .setitence • "a =* 0 an<r c / O". , ; . . . 

— ' 1,- -Px' ^ ■ ■ * ■ ""^ .' , ' 

; , Then „ ' == *0 is equivalent to what sentence?.- You3^ 

answer should , be "1 - 2x1 = 0 and x 0", which' is the .saijie , 

sentence"; v:e had before. Cajn^you find the ta:@th set of .^ - ^t 1 o ? 

The same two approaches can be used on more complicated' * 

fractional equations. Thus we can solve the equation ' . , 

either by multiplying both sides by a« sui'table polynomia;i . ^ 
(what is it?), or by writing it first as i - « 0 and 

then simplifying tot a single fraxjtion. ' In either case we mvist 

recogniz'^ two "illegal .values" for x,. What are they? And the- 

■ . • . ' <« ■ 

■ • ,■ ' , • , • ■ • ■ 

solution is subject to 'X 'not taking on those values. Using the - 

seqond method, we get % ' ( ' j]v r^ - j^y"^ « V which Is equiva^nt to 
1 * a 0 , x ^ -0 - and x 1 ... The. solution of this sentence Is 
^ ; v^hdch is, therefore, the solution of the original sentence-. 

■ Ae a "final example, solve ' • . . - 



If X j4 2 ,^ then upon naiitiplying bbth sides by x 2 we ^et 



X 




• Hence the sentence^ ;' v"^"""a ' ' «»- ^" ' '"^"V!, is equivalent to the 
. sentence * ^bc / 2 . and x . « 2 | What is the truth set pt 
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Exercises 10 ^ 4< 

Solve the following equations: 

1. I - 1; « .10, > • 9. 



s - 2 



• 2. |-.| >^'lO- 



s 



= . 1 



1 

m»mm 

3 



I.- 



, t t,« 1 



.^1 



X 



ERIC 



y y - 



7. . 



1- 



= 1 



10. 

11. 

12^ 

13. 
14. { 

15. 



TTTy 1 - y 



0 



1 4. y - 1 - y ^ 



1 1" 1 

X 1 - X 1 + X 



0 



y ^ rrT '^ i 

X + 1' 



+ y 



« o 



X "-1'2 X - 2 



8. 



^ 1. + t 



+ t - 1 



0 



16, . 1), ^ 0, 



. 10 - S . '•' Squaring . If « b , then Qf cours^ , & b . " •= 

■ f " . ■ ^ . . , ' 2 • " -2 . ■ 

Why? Do you think it is true, conversely, that if a b , 

then a ■!= b ? You 'may see at once that Ijhis Is not so.V Oive an 

example. In>^yfease v^e can alter a^ b^ through" a chain 

» - •» ' , 

of equivalent sentences as follows: , . , 



2 ^2- 

a « b , 

2 ^,2 

a «. D « 



0 , • 



(a - bj(a + b) = 0 , \ 
• ^ a - b « 0 or a'+ bi« 0 , 
a ss b or a » «b ' 
Tell \^y\^ach of ■the.se sentences is equivalent to the* next ^ne. 



r 



8 



10 - 5 ' . ■• , .\ ^ 3-98 ■ , ' ■■'1 •■■ 

, ■ ■ *' 

^ - We finally see that "a? b^" Is not equivalent to "a'== b" ' 

but rather to • "a = b or a L -b". ■ 

jPoi* exain^e. If we square both sides of,, the senterice 
"x«^3" we pt?taln "x^i 9", Then, • 9 = 0 > " * 

(x + 3) 0 ; X 3 or x ^ -3 . 

. ■ • <v • . . ' , 

Exercises 10 « 5d . ' , * 

See v/hat squaring .both sides doejs to the truth sets of the 
following equations. In each case the ^factoring will be of ^ the 
type a^-.b^. « (a-b)(a+b) . 

1 *^ \. ^ X =2 2 • ^ ^ \. ^ . ^ . * 

-2. (x -:,r)„*,,l . ■ ■ • 

; 3 « X 2 =r 0 . , » * ■ • 

^. X - 1 « 2 . . , . . ' • • ' ' " / " 

In these cases it la obvious ^whaf the ojl :gln^l tr^it.vi ' 
set is, and we haven 't had to use the new .truth se^t to obtain the 
old.. However, sometimes we square both sides .of an equation , 
'^^ ^ simplifying;; process in situations wjiere we dpn»t already 
know the truth set. We do know, as in the above exercises, that 
any 'solution of the unsquared equation ijs a solution of the ; 
squared^equati-on. But . we also know that the new truth set may 
be iaj^gfr „>tli.an th.e. old* Therefore -e^oh- solut-j^n of th^- 



Igr^slvbe^ -ghecWd in «ie onginal equation , in ' 
«>rder to. eliminate an^ possibl-e ex^a?a "solutions" that may have ?' 
crept in during the squaring, 

♦ " • • ■ . . \ #^ , ■ . • . » . . 

Example 1 . . Solve ^ + x « 2 , . . ' 



. . " 399 - ' .10-5 

It is clear th^t If we square both sides as the equation stands / 

we shall still have a square root left in the left side* We 

' - . .. . ~ • ^ % 

^th^refore first go to- the equivalent* equation "y^*= .2 - ^" 
and no« iSquare both sides . obtalnifig f 

(x -H)(x - 1) « 0 , \ . • ^' 

■ X = 4..- or X ^ 1 » . . - 

♦ 

Ghecking oack, v/e see that 4 ^ does not make* the original 
equation true, X'hile 1 . does'. The solution is therefore, 1 . 
(4 1^ the solution of the other alternative sentence • 
gorresponditig to the second possibility, • a/=s -b . Do you ^ee 
what this equation is? Ansv/er: ss -(2 - x) 

. \ • ' ' ' ' ~ • * 

l^ample S . Solve |x| - x.ss l 

We use the fact that |x|. =» x for every rieal number 

X to .get the Sequence of sentences ^ " 

* • ,|x| « x + i , ' . •- . 

V x^ ss x^ 2x 1 

" 2x + 1 » 0 , ' . " \ . , 

<♦» i . * * . - 

Checking back^ we find that-"^ does^ make the original equatiori 



true .and is, therefore,^ its solution,. 

" > 

Exercises 10 5b. " ^ 

Solve the ^.qllowing equations by squaring: 
1/. .X - ix| « 1 , - . _ 



10 -- .^ . ^00 

a*' 2x/ « |x] + ;i 

't. X = |2x| + .1 . ' 
6. y2x: + 1 - 5= X + 1 . 

7; yx + 1 - 1 = X . ^ 

8. ySx - X + 3 = 0 . 



10. |x - 2| = 3 , , \ ■ 

11. The time t in seconds it takes' a body to Tall from rest 
distance 'of s feet is gj[,yen by *th^ formula t ^-y— . 
Find s if t '^6.25 seconds- and g .^ 32 . 

12. Determine Whether tHe following pairs of sentences in two 
. variables are equivalent: * 

(a) x^+y^^ = 1 , y « Yl^ 
. (b) x^ t «- i , Vx^ 4. y^ 1 • 



(o) x^ 



« xy , X 0 or X » y , 



^0 "^6, Polynomial Inequalities . (Optional) Is 
(-^ ) ( 3 ) ( 5) (-6) (-8) * a positive number? A negative number? 
Did you need* to perform the mult application to ans^^er this 

question? ," ; • 

■ • . " ' ' . ^ ■ ■ ■.■_>■ 

. - ■-■4^jsn..Ee^jMalMpl y , s .gy ey^ l,nQn~2ero numbers together,- 



■their product is positi,ve if the number of negative factors is 
-evenj and. their product 'is negative if the number of negative ° 
factors is- Qdd. ■■" , ••' 

This means thaT we can tell immedii^tely v^hether a 



. » • ' • ' ■ ^01 10-6 

factor^ |:>oiynoinial_, . such as ^ . , ; .* 

-* " ■ (x + 3)(x 2)(x - I) , * ' . 

\ " % , ■ : ■ ■■ 

is po^litive, negative, oi? 0 for any given x . How about . 

•t ' — . ■ • 

.»th is polynomial |"or' X = 2 .? ' For x- = 0 ? For x = -1 ? For 
X" s« ? For X = -4 ? 'You need not compute the value of, the 
polyi^omlal; just check how many factors are negative. 

But 'we can do better than choosing a few points at 
random. We can first find the set of ''values o^ 'x for vjhich 
, (x + .3){x + 2)(x. - 1) is-0 (the' truth set of ' * ; ' ' ' 
(x V 3)(x + 2)(x - 1) 0^. . <1/Jhat is this set? Then v/e graph' 
this set on the number line. ' , . *. 

•-i-- — -t"^" — •— • 1 i » ■ i i 1 



-.4 ,,..-3 -2 -1 0, 1 



Now what ckti we say about each of 'the factors * . . 

(x + 3) , (x 4- 2i , - 1) for any x less than -3 ? Try 
.... ■ • ■ ■ r . . ■ 

'x •« -4 . , Vie find that all three facijors are negative^ numbers, 

. and therefore their product, is negative. We^ indicate<.thls on ^the 

number line as follows: . ' 



■•4 •i»3' «2 ■•l • 0 ■ 1 2 3 ! * 
vaiat about^thes^ factors when x is,, between , -3 and • -2 ? 
Try X ss - ^ , Th€5.. factor" . (x + 3) is now positive, wjtiile the 
"othei^l^^^l^^ as 
"changing over' " from negative to positive as x v crosses -3 . 
product is now positive for x betijeen -3 and "-2 - .* 



10-6 / ' > ' H 

Probably ^ou can see what is going' to happen' when x croS:ses 
^^2 and finally. 1 . VJhen x crosses -2 , the next factor ' 
2) changes from negative to positive, &b that for any x 
betv;een , -2 - and, 1. there are two positive factors and^ohe 
negative, the total product now- being negative. ^ Pinally, when^ x 

• crosses \1 , the last factor changes froxn negative to positive, 
so that for x greater" than X ^ all factors are positive. \ 

-4 -.3 .-2 -1 0 2 3' 

Using this final diagram, we can read off the truth sets ofe 

* certain related inequalities. For example, the, /truth set of the 
sentence . , ■ * . • » 

:^ . ^ . 3)(x + 2)(x - 1) < 0 

is graphed below. This is the set of all numbers x for 

V" • g .0 'I h m Q \ I j . 

.-3 .-2 ^-1 0 1 2 3 • -V 

which the product of the factors is negative, ' namely, the set of 

.^N- •■' „ / . ' " ■ ■ ■ ■ ■ " ' ■ . • ^ 

taiil x< such tjhat » " ' 

/ • . ■ * ■ • , • 

..p :jf X --3 or -2 < X < 1 . ' 

- , . ■ . . . " ' ■ A. ' ■ ' ■■ 

What^ l3^,the truth set of- the sentence (x + 3)(x + 2)(x - 1) > 0 ? 

Graph it\ Of the sentence (x 3)(x +'2)(x - 1) > O ? , 

To find the truth set of ^ 

- ^ ^ ^-^£"^~~ ^ : 

we first change to the equivalent inequality with 0 on -the 
right side: . - ■ , , f ... 



■i»03 



10 



Then we factor the lef t^ side into first degree factors : 
. . , (x + l.)(x - 3) 0 . 



I>roceeding as -before, we get the dlagrara^j 




-4 -3 -2 ^1 



0 



Thus, the truth "set of the, inequality x 3 ^ 2x has the 
f oil owing , graph (since the produot of the factors fx + l-)(x 
mu_^ be negative or zero). ^ , , . 



4- 



4i 



• -4; ~3 ^ -8 -1 0 ■ 1 2 3 « 
This is the set of all x such that ~1 < x < 3 ; 
Exercises XO - 6a. . * 



1, ■ Using the above discussion a^ a model, 'graph and describe 
the truth sets of. the follovving inequalities i 



(a) (x-- i )(x +; 2)V 0 

(b) < 1 



2 



(c) t + 5t ^ 6 

(d) x^ + 2 ^ 3x 



J 



(e) (s + 5)(s 4- 4)(s + 2)(s)(s - 3^) < 0 

(f ) 2^ - x*^ < X . 

What is the truth set of the sentence 

♦ (x + $)(x - 1) > 0 and x <*3 f 



"3T 



Is there a single polynomial inequality equi\ialent to the 
sentence of problem 2 ? r 



There is .oae danger point which we should^ ^pXain^^ 



Suppose a facttjr is repeated' in a Vlynomial .o^e or more times 
as in- (x 2) (x - .1) . l/hen x < crosses ^ -.2 , th«re are tvjo 
factors of the pbiynomial jthanging together from negative to 
positive. The number of negative' factors drop from 3 .to l' 
and thf product remains negative as x crosses -2 . The 
diagram~'4s then ' . - . • ' 




- 9 



What is" the truth set;^ of 

(x + 2)^(x - 1) > 0 ? 

(i,e, , for v/hat values of x is the product of the. factors 
positive?).. Of ' - ; . . ; 

■ (x + 2)^(x ^ 0 ? ; ■ ' ' ' 

What happens if a factor occurs three times, as in 
x(x ^=1)^ ? VJhat is the truth s^t of . 

' '"^^Cx « 1)^ < 0 ? 

Of-. ' . . J , - , ^ ■*'■■■ , 

x(x . 1)" :^ 'o ? / 

. . Sometimes we- have ^a quadratic factor, such as x^ + £ 
which cannot be factored ^nd. which is alway s positive for all 
values of X, , Does such a factor have any effect on the way 
the product, changes from- positive to negative? Vftiat is the 
|ruth set of _ ., . ' _ « ^ 

' (x^ + 2)(x !- 3) < 0 ? 

, + 2)(x - 3) ;^ 0 I. - 



io 



Bxferclses XO « 6b. 

my . .lu I I 111 ... . , 

1. Solve and graph: 



(b) < 0 . . 



(c) (t^ - 1) >o 

(e) - iJ^Cx - 2)^ > 0 



If) 



(s) (x + 2)(x^ + 3x > 2) < 0 
(h) 3r+ 12:^>^ - 16 ' 
x^ + 5X > 24 / 
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'Chapter. 11 



Gyaphs of -Op en Sentences in Two ' Variables • 

\ ;■■ 

-^■^ " i*eal number plane : - The. real number line * 

has been* a help 'In making decisions about relations among real 
nvimbers. (Give examples ot-some cases in which we have used the 

real number line.) Perhaps- a -re^l* number plane would be even 

' . ■ f \ , - . ' J* 

more helpful. - » > V . 

have assoc fated nximber^.with points 'of . the line. * 
How can we as-sociate numbers with points of the plane? Consider 
any polnj P in a plane. If thris point is on the number line 
X units from the zero- point, then there is one number fx 
associated with P. If P ' is "not *on the number laiie, as ' 



Figure' 1, there is a number. An 



:3 

1 



\ 



.1 .1 



1 1 



-5 -A -a »2 «1 0 



1 2 3 -4 
Figur< 



5 6 7 




a 9 ier^ 



this case 7, which Is associated with . ^ iri the sense l^at it is 
on the number line directly under P (it would W directly over 
P if P were below tl^e number line) . This number is not . 
sufficient by itself to loca.te. P, since 7 is on .th§ number line 



hoi 



X3. *• X 



. and' p. i's 3 units, above the line. Perhaps, we need two numbers 
to name. .P, -using 7 a«u the first one because it is on the 
number line which we.ali^eady know. Prom 7 we could draw a 
second number line to P, drawing, it- vertical and with the zero of 

this line coinciding with 7- on -the first line. On this vertical 

• ■ ■ , ■ " ' . • • \ " 

line we find p at the number 3j- "this number we regard as the 

' second number belonging to P. The point ' P now has the 
' « ■ ■ , ' ' \ , • 

aasoclated pair 6f number^ (7,. 3). We*w:^lte these as Indicated, 

placlrig the number .found^long the hbrizontal line first, and the 

one, found along the vertical line -second, and enclosing them in 

parentheses! We have now assigned to p a first number, »7, and 

a second number, 3, and we think. of these, as an ordered pair of 

numbers,' (7, 3), belonging to p and called the coordlnateB of. 

The. first number is called the abscissa of p and the second 

number the ordinate of P, 

I" ^ X 

Is lE . " ' 



7 6 5 



4 3 2 



' 1 0 



1 



It - 



f t 



K 



6 7 



t 



J 1 



\ 
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D, 



Figure 2 . 



In" Figure 2, verify th^t the pi»der^d*nturibe> pairs • 
written for point ^, A, »B, L, and Q are correct'. Which number is 
written firsit in each case? ^ Which is second? The 'order is " 
impgrtant, and hence we consider jonly ordered pairs, ' Note that , 
'the ordered pair (1,^^^) is not the same" as^ the '.ordered' pair ' 
i^, 1). . How does the ordered paii?- for . Q differ from that, for „ * 
P ? vWhy i.s the second, n\waber for . ft negative?* 

r ■ In Figure 2, what 'ordered pairs of numbers -are * • 
associated with joints E, C, K, and D-? What ordered pair is ' 

associated with point H, which is on the number' line? This ^oint' 

« • ■ ' • • . . , -, ■ ■ ■ . ' . 

is caUed the origin, and is associated with* (6> O). We may 

' ■ ' • ■ , ■ '• ' .'■'■■""'•>■ 

consider that the second number of .the ordered pair is the ' 

distance above or below the number line. What ordered p'airs are 
associated with points P- and G ? Make a general .statement about ' 
the. second number of the 03?dered pair associa'^ed with any point 
which lies on the h,orizontai number line. 

If we have several. points in. a plane, and a single''. 
horizontal number line, is there any way in whi^h'we can refine 
our figure so that we can ident:3tfy the ordered pairs of numbers 
associated' With the points .without drawinig a. separate vertical .^ 
line from each point to the horizontal number line? For this 

number line, passihg through the origin and pea^endicular. iJo- the 
f ir^ t numher line • If we label the.- units of measure, on both of 
these lines, .each of which is called a coordinate ails, the 
netwo?*k of the coordinate pap'er will permit us to choose quickly 



,the suitable numb^s of an . orciered pa3,a?: In fact, labeling the 

V . - ' ' ,„ ' ■ s ■ / : • " ^ ' ■ ' ! . ' ■ 

units may, be omitted if one square: is used to 3?epi»eBent one unit' 

on each axis. We sAall adopt this practice throughout the. ; ' 
discussion in tl^is chapter./. . ' * 

. Not^ tHat S and in Figure 2 do not have the same 
coordinates 5 the first coordinate df 'S "is , 1 but the first 
coordinate of, T \s 4.,'v.The coordinates of ' S are the orde^^ed 
number piar (l, 4) ,^ while '.those * Of T . are the ordered number vj 
pair* (4^ l),\ The s^e, numbers appear in each pair, but "since 
■^he order is different, the ordered pairs We (|ifferent.\ , ') 

... Do you think it is a;iways ti*ue t^iat two different 
points in the plane cannot* have 'the same^coord^patesf' 



Exercises 11 r,la. 



1, Write the ordered pairs of numbers which are asso^,lated with 



the points. A through M in the. figure below: 



li 



Mi 



y 



Q. 



I I 



.J I i 
i — ^-H — ^- 



i 



-i h 



J 1 > ^ 
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Figure for Problem 1 



xr-T'' . • . • 410, ' ... 

^2. 'The /ouxt.parts of the plane, into which the niimber lines 
. divide the plane are called quadrants, These quadrants are 
numbered* counter-clockwise, as in the figure f or prp^ilean 1 



beginning with the quadrant iA the upper right-hand corner 

where both coordinates ar^ positive* In which quadrants will 

, ^ ■ - • . . ■ ■ s* . \, , , : . ■ ' 

. . thfe points lie for which the second coordinate is equal to v. 

■•■••.*.."■' ■ ■ ' * ; ■ .. • . ' • 

' . the first? • . ■ 

3, Where ar^ all the points whose ^ Ordered pairs have ordinates 
V , -3 ? -Bocate as many of these as" possible. This -set of 

. points forms what sort of figure? - ' 

4 . Where are ^all t&e points whose ordered, pairs have abscissas 



^3 « . c 

5-. ? . i,oca.te as many as possible. 



^ / 



\ 



Now let US shift our attention l^om points to. numbers. 
Select any real number as' the first number ^ PP.^i -^^/t ■Hv.ftrt . . 
select ^y real' number, as the' second of the pair. Can we 
associate* with each such ordered i)air a point on the. plane? Given ; 
the 03?dered pair (-3, &>'^ ^can you find a poinl^ of the plane 
having these coOrdiiiates? Explain how you locate the point. D^oes* 
every ordered pair correspond to at least^one point? Exactly one 
point? *' ' ^ 



. Is %% clear that for each point of the 'plane there is 
exactj^one ordered pair of real 'humbe rs' and fori each ordered ; 



pair there 'is' exactly one point? This is an 'important fact in 
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Exercises* 11 lb. 
a. Using coordinate axes, of yo\ir own choosing, locate the points 
associated with the following ordered pairs of nianbersj 

.A(l, >3) . . 0(5, |) . 

• B^6, 4) ' . •H(|, 5) ;/ , : ; 

C(Q, |) K^Jj.; -6) ' \ - 

I>(-7, -1) . J(-6, a) . 

E(-4, 0) ' ^ K(o, - |) • ; 

F(0, 0) - 0) . - 

In the figure you have just drawn for problem 1,. are points 

■ ■ . .,.."•» _ - ^ , . I . .. , 

a ' and . H the same? Why? Are points I and J the same?' 
and^L ? \ 

3. With'^i^erence to a set of coordinate, guces, mark the points 
with cooVinalJ^^ {2, 3), (2, 1), <2, ^j,*^ "<2, 0), ^ 

(2, -§.^, (2, -i ^). What is true of" all of these ordered 
" pairs numbers? Where aa^e a^ll^the^ po:^ts' for ~w 
absoisafe ©f the%rdered pg^ir is ;2 ? • 

4. If you! locate several points whose ordered pairs have 5 for 
their ordlnates, where would all-these points lie? V " . 

5* With reference to a set of coordinate "^ea, locate eight 
• points whose coordinates are pairs of numbers far which the 
fir'st and second numbers are the. same » If you could locate * 

6. Let u^ think of moving all . the* points , of a plane in the 

^: : ^foilow5ujs mariner: Bach pQ^t % f f 

; . moved tiW tiie point with coiordllktes (-a^ -b) ,^ Descr^^ 
. in'terms of taking the opposite, ;Anpl?her^w 



11 - 1 
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> 

1 > 1 
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Figure for Problein 6, 



this is to consider that the points 
of the plane are r^otated one -half ■ 

• , a revolution about the y-axis, as 

. ■ . ^ " ■ * ■ , ■• » 

> indicated, in the. figure for problem 
6. Answer the 'following questions,,. 
■ and locate the points referred' to 
in parts, (a) and (b) :; . $ 

- U) Into what points do the follovdng poiniis go; . (2, 1), 

(2, «i), (.i, 2),. (-1,^-1),. {3, 0)1 (-5, 0), 
. (.0, 2), .(0, -2)? ■ . . 

(b) Whsit points go into the points' listed in (a) above? 

(c) What point does (a, *-b). go into? 

(d) »What*point does (-a, b) go intp? 

(e) Tilha^ point soes into (a, b) ? ; / 
C^*) What, points go into themselves? 

7. 3uppoaie a point with coordinates (a, b)- <ia- moved into the 
point' • (a V 2, b) . '^hXpy^m be thought o>f as sliding the 
; points. Of the, plane to the right . 2. ; units. ^Answer. the- 
following questions and locate -all of thfe' points in parts 
(^) and (b)^ \ ' * 

- (a) '¥hat points dp the following points go into: (1^ 1), 
- . ' f-li «1), • («.2, 2), (0, -3f), (3, O) ? 

(b) What points go into' the points listed in (a) above? 

(q) ^JCnt o w hat ,poiQt does (a 1^:2^- ^b)"*-'^3LSlZ.IZ-ll - .111 1" ' 

.(d) What point gpe's into' (-a, b) ? 
{e). Which points go into themselves? / . ^ - 



11 2. Graphs of open sentences with two variables « 
If we. assign the values 0 and -2 to the ^varlables of the open 

sentence > - . \ 

• . 3x1- _,ix;,,„±.. 6. = p,,,,> • 



Is It then a true sentence? To which variable dicl you assign 0 ? " 
To whicjti -2 ? 'Were there two different ways to make these 
^stslgnnients? ' . ' 

' To avoid the kind of confusion you met in the preceding \ 

paragraph, let usi agree that whenever we wrllje an open sentence 

with two Variables, we must indicate which of the variables is to 

be taken, first. Wien the T^ariables are x and ^, . as in the 

above example, x will always be tak^n firs*. 

With this agreement we are ready , to examine the* connect- 

ipn between an open sentence with two ordered variables and an ' 

* * . ■ • / " 
ordered pair of yea i;^\^ff^b era. Among the set of all ordered pairs 

of real nmbers, each paa|» has a first-number which we associate 
with the. first variable of the sentence an4^ a second nmber which 
we associate with the second variable; In tha^ way*an open 
sentence with liwo ordered variables acts as a sorterv-it sprts the 
set of all ordered pairs ot real numbers into two subsets: \ : 

(1) the set of oi?dered pairs which mke the sentence ' true, ani 
(8) the set Of ordered' pa^rs Which make the sentence false. 
As before, we call this first set the truth set of " the sentience.. 

7 Nowl*e~cair^3we^^ paragraph 
if we specify the ordered pair (o, -2) . Does the ojHiered pair 
(0, -2) belong to the set of orde3?ed pairs for which 



IX - 2 '414 



4 



3y - 2x + 6 « C. 
is a tr\ie sentence? Does the ordered* pair (-2, 0) belong to the 
truth set? " "-. • 

' -An ordered pair belonging to the truth set of a sentence, 
with two variables is called a solution of the sentence, and this 
ordered pair is said to satisfy the sentence. If r is taken as 
the first variable, what are some solutions of • . 

s - r + 1. ? . ■ . 

Does the -ordered pair (-^2, -3). satisfy this, sentence? Is ^ {-.3,-S) 
a solutjlon? - * 

Y ^ is taken as the first Vj^riable, what are some- 
ordered pairs in the truth set of f * 



4Mb' 



V - 2u^ ? 



Is (-1, 2) a solution of this sentencB? Does (2, -1) satisfy 
this aentence? > , 



' Throughout this chapter we will use only x and^ y as 
variables, in order to foous attention on properties of sentences 
with two ordered variables. But many times In th^ future you will 
see other variables' used', and th^n you must always decid^ whifeh 
v^ia1)le is used first, ' , . ' L 

One other* point needs to be stressed, OJhe sentence 
"y= 4" can be considered as a sentence in one variable y, 9r 
it can be considered ad a sentence with two ordered variables x 

— .-...i — ^^^..>...^ — i : :: ....^ — i» .., . . — 



and y. When we «ay that ."y « 4" a sentence with two ' 
,variables-, we mea.n that /. "y ^ 4" Is. abbrevia^Ji^on for : f 



^ . ■ ■■■.>.••, 

What are some solutions of this sentence? ^ Whatsis true of eve|»y 

ordered ^pa^.)? satisf ying this sentence? If "x ~ -2" is a " 

sentence with two variables, then "x « -2" . is an abbreviation 

for ■ , ' ' ■ ■ • , ' ■ 

(l)x = (G)y - -2 . ^ ^ 

What is true of every orclered pair satisfying this sentence? 

Exercises 11 - 2a . ' 

1. Describe the truth sets of J;he following^ open sentences In 
two ordered variables x, V: . 

' (a) y « 5 ^ (c) y - -3x 

j(b) X a 0 (d) X s 3 « ' 

2, Find -four solutions ,of each of the following open sentences: 
\ (a) y « 3x - 2 (c) y ^ x^ + 

, (b) y-2+x . y> Ixl • . 

3* For each of the sentences in Problem 2, find two ordered pairs 

which do, not satisfy the aehtehce,. ^ . - . , ' 

4* With; respect to separate sets, of coordinate axes, locate th§ 
■^^ • ■ • I, ■ • 

points whose coordinates are the solutions you fouhd for each 

Of tl\e sentences in Problem 2. 

; Remember that every point of the plane has an associated 

pair of numbers called its coordinates. Now we see that an open \^ 
sentence wdth twd ordered varial^es not only sorts the set of 
ordered pairs of numbers into two subsets—it also sorts the ^p^cflrtg 
of g i e' i plane into twp Siubaets: * 
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(1) the se*t of all points whose coordinates satisiTy • 
the sentence, and " . . 

(2) ■ all other points. . . ' ' > 

, , . •• - 

As before, we call this first set points the gra| >h. of the 

sentence. ' ' - * 

\ ^® ^^-^^ intepsted to le4rn what sort of figure on • ' 
the plane this graph, will be for any" given sentence; Let us try, 
as an e^^ample, the sentence ^ - - * \ 

. ; , . . ax - 3y - 6 0 ■ ' . * ■ '. 

We can guess several solutions, such as (3,' 0) and 
(^*V^' ^3?y to guess some more solutions. Notice that it would 
be etiier to determine solutions if we wrXte an equivalent | * 
equation having y itself on the l^ft side: ' 

2x> 3y - 6 = .0 , 

-3y, = -2xC'+ 6. , 



We call this last equivalent sentence^ the ^ y* »f orm of ti>e original 
sentence. Now we see that "jj « fx 2" can b.e t^ans3^ated into 
an English sentence in terms of abscissas ajad ordlnates of points 
on its graph: ^ "The ordinate is 2 less than . | of the abscissa^' 

Since we shall be taking | of the abscissa, it might 
be 'sakpler to use abscissas which >3?e multiplep of 3. If the/ 

solution. Why? If th^ abscissa is what must the ordinate 

be? . Continuing/ We can filJL in a table of ordered pairs, which^ . 
satisfy the ©entente: \ ' * • 
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-3 
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You fill in the empty squares ♦ 
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Figure 3. 



I 



In Figure 3, the points (-6, -6), (3, ~p) and (9, ^^) seem- 
tQ lie on a styai^t line. Do t|;ie other pitfints whos,e coordinates. 
you„ found In the table of solutions also seem to lie on this line? 



This brings up the qu^s-tion: Xf we draw the line throijgh these 
points* will we -pSM m it all*" the points su6h' that each has 
"ordinate 2 less than of t^e abscissa?" ^furthermore, we must 



ERIC 



Js' every polntjon this line'- a point whose "ordinate Is a 
less > than, "I of the abscissa" ? 

Suppi>se we try a point which appears to be on the line, 
such ^as point A in Figure 3. The coordinates of this point are * 
^(^i 2), T^o-iJhese coordinartes sati^ equation §x - 3y - 6 = 0? 

Oftien we say that a .specified line is the grkph of a 
particulaj? open sentence, we mean, that both our questions' above 
are answered affirmatively; , 

(1) if two ordered nmbers sSitisfy the sentence, ^ 
"bhey are ' the coordinates of a point on the linej 

(2) if a point is on the line,' it^ coordinate^ ^satisfy 

X ' ■ ■ • ■ • ■ 

the open sentence. 
Thus, the line drawn ^ in- Figure 3 is the graph of the sentehce 
- 23C - . 3y - 6 « 0 . « 

We can do the same with such open sentences as 
^ f»c > 11 «^0, -^ 2y + — --ay^ -O-^^^— eta^^^-aad^n each* ^ 

case reach j)h© same conclusion: • . > . 

* ■ ■ ■ . . ' .... 

• \ ' . ■ ■* » 
There is a line which ''is the graph of the 

sentence. In fact, given any open sentence 
of the form * 

Ax + By > c " » 0 , • 
^ where A, B, and.C are real niambera with 

A and B, not both 0, there is a line that ^ 






— : . , is the graiai of tly-Qpea -sentence > ^ v : 

- Conversely, ga,ven any linef in the Iplane^ *pmm U 4n 
open sentthce of the above form that has 1;he line akJ^js graph. | 
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Exercises 11 - 2b. ' ' „ 



!♦ Where are all the points in the plane whose orctinates 
are -3 ? 'Locate as many of these as possible. ' 

2. With referencj^ to one' set of coordinate axes, locate the 
set of points whose coordinates satisfy the following 
eqjjtations, that is, the points whose, pairs of coo3?dinates 
belong to the truth sets of the equations. . 

^ , ^ . ■ , ■ c 

(a) . y a 5 (c) « X = 0 

(b) y ^ (d) X «'-2 

What is the equation whose graph is the horizontal 'axis? 
. What is the equation whose graph is the vertical axis? 

3. With, reference to a set of coordinate axes, find the points 
such that each has the abscissa equal to the opposite of the 
ordinate, using all possible pairs of real numbers which have 

. . meaning within the scope of your graph.* With reference to * 
^ — — thf# 'same-^axes»- lo cate the po ints such -that each has 




twice the abscissa; the points such' that each has ot»dinate 
that is tihe opposite of ^twice the abscissa. What, general . 
statements can you make <jo»icerriing these graphs? Write open - 
• sentences for eaxsh of the graphs drawn. \ ' ; , 

With reference to one set of* coordinate axes, draw the graphs 
of' the following: * # > 

(a) y « 3x , (d) y .~ -3x ^ ' 



(b) > « 6x ' (e) y"* -6x 



(c) y « ^x ^ (f) y = -ix 



What characteristic do all of these have in common?" How does 

the graph or (a) differ from the graph of (d) ? Does the 

same pattern apply to the graphs of (b) and (e) ? To the, . 

graphs of, (c) and {t) ? 

' . . . . * ' 

With re'ference to one set of coordinate axes, draw the graphs 

of the following, and label> each one: 



(a) y X + 5 

(b) y = X . 3 
M y j/2x + 5 



(d) y « 2x - 5 

(e) y = ix + 2 



.How does the graph of (a) differ from the graph of (b) ? 
How does the g??aph of (c) differ from- the graph of (d) ? : 
liow does the graph of (e) differ from the graph of (f) t 
What is true of' the graphs of (a)' and (b), and also of 
the graphs of (c) - and (d), that is not true of the graphs 
of (e) and (f ) ? ' ^ 

With^^f erence tC a set of coordinate axes, find five points; . 
for (which the ordina.te .ia greater than, the abscissa; Are all 
of these points on one line? 1//here^are they? What is the ^ * 
"sentence Whose graph is this set of points? Where are the 
points Whose abscissa' is less than t^ ordinate? IThat^is 
the sentence whose graph is this set of v points? When we wish*. 



to draw the graphs of sentences such as^tliese. we shall 
indicate the graphs - by shading in the portion of the plane 



which contains those points w|^^^ i^e sent- 

ence true/- as in Figures i S.' /'lf Ithe verb is "is . 
greater than or "equal to" , or ;^ is less' than ' or equal to" ^ 
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Figure 4. .y >' 3x . 




we niake ,the boundary, line solid, as. in Figure while the 
verb "is greater than" or "is less than" ' is 'indicated by 
using a dashed line for the boundary between the shaded and 
the unshaded i'egions as in Figure 5. In .these two illustra- ; 
tions, the line is the graph' of the sentence y ,a-^x. ^This^ 
graph, which is a line, separates the plane into two half" 
planes « The graph of y > - Sx is the half -plane such that 
every ordinate is greater than tliree times the abscissa; the 
boundary line, y = 3x, is not Included in the region and iSj 
therefore, drawn as a dashed laiie. The graph of y > 3x is- 
the half -plane, including the , line y *= 3xj the line is here 
drawn solidly to indicate that it 1^ included,^ ■ ** 
With' reference to a set of coordinate axes draw the graph of 
the set of points associated with the ordered pairs of ^ . 
numbers sUch that each has ordjiiate two greater than- the , ' 
abscissa What open sentence can you write for this set? 
Now draw the graph of thfe following openlsentencesr* * \.. . 
(a) y>x + g5 (b) ♦y>x+.2 • * 

J * * * * 

• T • . . 

Is -it possible to draw both oi^ these graphs with reference to 
■ \- * . 

the same coo3?dinate 

Given y m |x| . In*this sentence, 3,s y ever negative? 
Write the solutions for which the abs*Q4.ssas are: ^3, -1, * 

< I- ■' • ' ^ * " '* ■ ' ' ' • ' • " ■ ^ ■ , ' " ■ w 

0, a, 4 , Oraph the open sentence y \« |x| 'w£tJ5j|' 
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1 ♦ 

In problems ' 9 and. JO : 



ti) "iifrlte the sentence in the y-form. . . • . 

(ll) Find at least five oi?dered pairs of nmbers ' 

which 'satisfy, the equation. (Why do we need no 
... . more than two points to graph the-^ine? More ' ' 
^ points are desirable as ^ che^k,) 

(ili) Draw the graph to Its udoT extent on your paper, 

9. ' With reference t.o. one set of axe^ draw the graphs^f 



the following^ 
(a) 2x - y w 0 



(b) 3x - y « 0 

(c) X - 2y a 0 



J 

! . '. at 

/(d) . X + 3y «• 0 

I <e) X y 0 

j : ■ • . 

1 (f) X 4* y.a 0 



4, 



What ^3 true about the graphs of all these open sentences? 
•^.'"10. Witih reference to, one set. of axes, draw th^ graphs^ . S 
\ ' of the.'followlng: / ' I . . * * • , 

. . . (a)--^^- 2y « 0 - ■ Jtd) 3x - 2y « -6^ * ' 

\ ) ■ . • ■ ■ 

<b) 3x - 2y » 6/ > (te) 3x - 2y « -12 

•• (c)' 3x - 2y » 12 : - ■ \ • . 

* What is true of the graphs of all xhese open sentences? 
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, . » ' , Flgua?e 6. • ; ^ , 

15. In .:F^gure 6 are drawn two sets of ^es,* as Inclicated: the 
y)-axes aridjthe' (a, b)«.axes^L . , ' ' 

, ia) For each. Of 'the points P through W, give, the 

coordinates' With* riespect to each set of axesV as is ^ 



indicated below for P: 



Point 



(••8j> •l) 



V / 



.■Is 



(b) Give the <a,^b) coordinates of the points whose (x, y) 
V coordinates are (5, -5); (-3, (-1, 6); (3, 5) 

•^•^ SlQfies and intercepts . With reference to one 

of axes, draw the graphs described in (a) through (k). below: 

(a) The ordered pairs of numbers for which the ordinate is 
equal to the abscissa.* ^ 

Pill in the blanlte in the table below so that the pairs 
satisfy the coitdi^ion: * 



X 










3. 




'6 


T 




-3 




0 




V 5.1 


'6 V 



These pairs have been jjhosen so that the "corresponding 
points proceed from left to right across the paper. 
Now connect successive points with lines. What seems 
to be true of these lines? Which points an the table, 
do not lie on the line through (-6, -r6) and (6, 6)? Is 
the point (8, 8) on the line? Extend the J,ine in both ' 
directions, as fsiir as possible. 

What is the open sentence which describes this 
graph for all podLnta In the plane? What does this line 
. do to the angles formed by the vertical and horizontal 
axes? ■ ■ ■ ' ■ ■ ' 

(b) The ordered pairs of numbers for which the seoond is the 
negative of the first. Pill in the table below: ^ 
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-6 




-4.3 


* 


. 2.5; 




• 6a 


y 




5.1 




0 




«.4 ^ 





Could you. determine pairs which fulfill the condition 
• Without making the chart? If you can-do this mentally, 
you win not alwa^ need the chart. Can you draw a line 
^irough all of these points? Extend it as far as 
possible Ih both directions. " s - < 

4irhat is the open sentence which describes tM^ line? , 
How does it 41f3Cer from^the xxpen sentence of the-, line i 

> 

Ih (a)? 

(c) The 03gjl|^red.pair for which the ordinate la twice the 
abscissa. : Try to a:i?aw this graph without filling a 
chart of pairs of numbers. 



>s"^ili( 



- — "-PorH^ls -and -the^ ones wmch follow, make -a chart if 

necessary. . Draw a cpmplete- line- to get all the possible points 

• * - » ■ - . ■ • ' . , ... 

which fulfill the condition', and write the open sentence which . 
describes the graph. : , ^ ; *' 

* * 

. (d) The oapdered pairs for^ which the ordlnat^is six tlmesi 

? • ■ » ' • • • • 
V *the abscissa. ' , 

""(e) The ordered ^alrs for which the ordinate Is three times 

Jl^l&i.|yb&lllBBE^ - . :.; ., ™ 

(f) The ordered pairs for which the abscissa is times i 
*he ordlna;te. > 
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(g) 'The ordered pairs for which the ordinate is -.3 times . 

^ ■ ■ , ' 

..V tjie abscissa. - , » * ^ ^ * 

(h) The ordered pairs for which the abscissa is one-half 
the ^ordinate, s-^ , v • * 

(i) The ordered pairs , for which the ordinate is minus . 
• one-half the abscissa, " , 

(j) The ordered pairs for which the .ordinate is, one-sixth 
of the abscissa. • • 

• (k) The ordered pairs for which the ordinate is minus 

^ * 

one-fifth of the abscissa. ) ^ . .• 

j^ercises 11 « 3a, Refer to the graphs Just drawn to answer the 
following questions:,, {Notipe that each of the senten<i&s you have 
written is in the y-form.) . 

1. List the coefficients of x in the open_£Lentences f or whloh 
the .lines lie between the graphs of ^'y « x" axid "x « 0" • 
What do you. observe about these coefficients? 

2. List the coefficients of x in the open sentences for which 

What is true of these coefficients? 

3. Xlst the coefficients of x in the open sentences for which 
the .lines lie between the graphs of "y « 0" and "y « -x" » 

What-is-true of^^ttoae coefficient sT . * r — ^ — : - - 



.ListHhe coefficients of x , in the open sentences for which 
the lines lie between the graphs of ."y -x". and ."x « 0"* 
What is tme- of these coefficients? , " 
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5. Where would you expect to find the graph of each of the-->^ 

l_following open sentences: y = ^Olx , y - -lOOx , y = «56x , 
, . ,y , . ^x, y - ~ , y , y = - -5- ? , . . 

6,. Make a llst.of information concerning a set of lines on the 
origin. (Note : a point lies on a line and ' a line 1^ on., or 
lies on. a point It it ^ passes through. the p^int . ) V 
J, What could you s-ay about the grgiphs of equations of the form\ 
,"y = kx% wh^re k is ^ real number. » 

What do you know about the graph of "y - kx" when k ds'» 
positive? *When k is negative? When k is between 0 and 
1 ? When k* > • "i ^? ' When k < -1^, When Ik] > 1 ? 
When |k| <, 1 ? When k is 0 ? ,^ • ^ ^ 

Since k , determines the direction of the line, it is 
called the slope . of the line "y « kx"* . * 

-^^^^^^ 

open . sentences whose graphs are lines through the orlgiit.. Now 
let us consider ffome lines which may not lie on 'the origin. Grapih 
the following open sentences with reference to. the. same coordinate 

(a) y « |x , (b) y * -^x -f 4 (c) y> - 3 

For th^ first of these np table of values should be 
necessaj?y. We need simply note thaV ordinate must^ of 
the abscissa^ In order. to get points which are easy to locate we 
cou]Cd ohoos^ multiples of 3 f or- fliralues. of .3?p draw the 
graph of the second open sente]\c^* we should note that to each 

' it ' 



ordinate in tiie graph of) .the firsts we adci " k: How could we find 
^the ordlnates of points ror the third open sentence? 

Wliat are the coordinates of the points at which lines 

v(a), (b), and (c) intersect the vertical axis?' Do you see any 
relation 'between these points and equations (a), (.b), and (c)* ?" 

~¥e c aiX" " ^ " , . * 




^ Plgjire 7* - 

and --3 *the y «lntercefi t~n\3mber& <>f thelr^ i»especMW ^\;»tion 
Points .(0, 0),' (0, k) ^d ^0, -3) are ^the y -intercepts of the 
respective lines. Explain: how the graphs of "y « fx + and 
**y « -^x- 3" c quid be obtained by moving the^ §raph of "y ^x" . 



431 11 - 3 



Write two open sentences such that," the absolute value 

of the y«lntercept number is 6 and the coefficient of x is , 

p > ■ ■ ' , , • ' ' • " • 

Draw the graphs of 'these open sentences.. 

, In the ' figures which yoji drew at ^he beginning of this 

section, all of the lines had the same y-intercept, but many ^ 

different slopes, . 



\ 




/ 



"The slope of a line is the coefficient of 
X in the corresponding sentence written ,in the 
y-fbrm/ ^"^^ 

• I , • • • . ^ 

The slope' may be either positive, negative or 0, For what 
pos4»tions of the line is the slope negative? 0? 

• .Given two points P and Q on a line, 
the slope of lihe line is the quotient of the 
- vertical change by the horizontal change, as 
we move from P to . Q. , - . 

In Figure 8 we have a line |which is the? graph of 
"^y .«^x - 3". This line passes through points (2, 2) and | * 
|(^J! '7) » Verify this, /fhe ordinates are 2 and 7$ respective3yj 
and their difference * > which is .the vertical change, is 7 - 2, / 
or*^5.* The abscissas are 2 and ^f, respectively; so the 
hprlzontai" chahge is 4 - 2, or 2. Thus the slope of the line 
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1^ 






(4,7) 



/ ^ Figure .8/ 



til ■"' 



verj?lcal change 
feorlzontaa.! change 



7 * 2 "S-s. 
h - 2 2 



Note the order oba^ved in flndl^ II^ the 

first numbed in the numerator is the ozHiinat'e 7 of the point" 
(h, 7)^ t he firs t number ..in the di^nominator must be ihe/ ab^ciaaa 



. of the same pplnt . Wh^tt value would we find for the slcjpe if 
we uaed as t^e, i'irst nmb^r InlnMia^a^^^^^^^^^ denemtoatlr th^ r . 
ordinate and'abscissa, respectively/ of the po^^t . (2, ^ 
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2 ) ? \ How 



f 



■"It 



. : . ^33 , / . . . . 11 - 3 

would this value compare with the value- just found? Wha^ls the 
slope of the line on tije points (6, 5) and (-2, -3) ? On the 
points (2, 7) and', (T* 3) ? 

5 Here we have two ways of, finding the slope of a line: 

One is to ^etefminp the coefficl^vb^f, In the y-form,,pf its 'v 
eQuation; the other is to ccanpute the quotient of the "change^ in 
the ordinate by the change in the abscissa from onq point to ^ ■ 
another on th.e line. How do we, know these two numbers are the 
same? v .\ . , >^ . 

Consider a line such as the one drannHn Figure 9 
through points P and Q.,^. If we 3*et P j-be the origin of a .set 
of (a, .b)-coordlnate axes, the^ the line .passes* through the^ 
origin of the (a, b)-a^es. With reference to the (a, ,b) axes, 
whatf are the coordinates of Q ? Now what is the equation of this 

line\ in the variables a, b ? Compare the coefficieijt , of a in\ 

•> ■ \ . . • I • ■• . ; " . , . , ■ 

this \equat ion. with the <?.o^f fie lent of. x in %}^& y-form of the 



:\qn. 



equation. On the other hand, the quotient of the" change in > • 
ordinaW Sy the change in abscissa from P to Q is § Is 
this the same^ number as^the coefficient of a ; in the .>a, b 

equation of '^he line? How \could w% prove. t|iese two determina^tions 

• ' • . t ■ " *■ ' ''f - " '■' .'" • ^ ,1' " / ■ ' ..' ' •■ ■ 

of the aitope to be the , same cCor any lane? 

, \ . ■ , , . . . , , , , 

Exercised 11 - 3b, . * . ./ 




Flhc^^^-wie" slope of^ the T:ine on-'Vach of " the roXLow^g piairs of 
points: y-^ , ■/■■^ ' ' 

vCa),' (-7^ -3)' and (6^ ^ ' ' ' ! " • 
M (-7, 3) and (8, 3) ' ■ ' 



11 - 



- 3' 


> 






(c). 


(8, 6) 


and 


(-4, -1) 




(3, -12) 


and 


(-8, 10):; 


(e) 


(i^, 11) 


\^hd . 


(-i> -2) 


(f) 


^ mm 

(67 5) 


and 


* (6, 0) , 




(0, 0) 


an^ 

T 


(-^, -2) 




■ (0, o) 


and . 


(-7, 4) 



4^ V 




■ - ..i. ill . 1 1 I . , .. 



1- 



f 



Figure 9 .•• • ■^ - 'A ' 

? ^^J^^^^ 'fe^ ft'fc the slope of the/ line Is 



g ^ (-7) . ^ 13 *; We* <>ould ^heol^this by counting the squares, 

finding that from. "-3) "to (6/ 2) there 'ar^» 5 \mits In 

■ . ' • , ■ I '• ■ ^ .• , • • •■ ■ 

the vertical change and ^'13 „ units in thf ho:pizotttal Vphange . It^ ' 
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i l l a l l ^ ^ 3- 



would be possible to- write the open septeace of this line with a 
bit more inftrmatioh, that ^ is, if we knew whlit the y- intercept ' 



number was. •. — 

In the case of the line in Figxir^ -10 ; we note that 



passes through points (~6, 6) and (-3^ 2); so we know that its 
slope is i^'^y ■ ■■ or ** "J • Also, it lies on the points 



(«6/"6) and (O, ..2"), 



/ 





4 

y 

T 


— — — 


. s „ V 

* 






. . K — 






0; 


' ' ' ' X 

\ 



















4?; 



£RIC 



Figure 10 , 



7 ■ 



from Which fact we qouM again determine the slope to be 
(-€) 1 0 ^ . ^ 3 * 



before . So we knoy that .y ^» - is the equation of a line with 



"I 



i.s same result a© that " f puj^ST^ 



the same slope as the one we have in B^^igure-io/ but which lies on 
the origin. We have shown that the y-interaept na^mber o^-the line 
in Figure 10 is , -2; hence, its equatioh is '"y «.«|.x - 2" . * 
What is the equation for a. line parallel \o the li](ie in Figure, 10, 
but^^whlch lies on the f)oint .,(0, 60 ? 

' Exercises 11 ~ 3c, • - 

,1. Khat is the equation of a line on . the ^ point \{o; 6) and 
parallel to the line whose equation' is y « ix - -2 ? 

2. What is the- equation of a iln^ parallel to y'= ix - 2 • ' 

..and lying on the point i(o, -12) ? *- • ^ ' ; 

■3. What is the slope of all lines p^llel to y ».ilx ? • ~ # 

' What is the slope of' ^l^li^es parallel to y « «|x ? ■ ; - 

• * .3 *_ . 

5. ' What is the equation of a -line who^ljy^ope is .«|.^d ' 

whose y-intWc^pt j^umber is -3 ? ■V* ' ' ' ^ . \ 

• 6. What is the open sentence of. a line "which passes through .* 
\ .(^,11) and (2, ^) / and has y«intercept £t), -.3) ? V 

7. What is the equation of the line which li^s on '(5, 6) and 

(-5> jand has y- intercept number 0 ? • - / . *v 

. Now let us see hor.the slope' and the y-intercept'can ' » 

help us to draw lines.. Suppose a line has . slop^e -.| and :.; - - . 
y>»intercept number 6. Let us draw the ' line a s well a s write ita ' 
open sentence/ To draw the graph. We start- at the ^-intercept 
(0, 6) Then we use the slop^ to locate other points on the line. * 
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U .3 




Figure 11. 
2 



. .;. "fphe fact that tl:ie slopp is means that we shall fliid aneither « 
point of* the 13jie three units to *he, lef^^ (O, 6) and two 1 
units up, and another ^pint three units to the right ai^d two uni;ts • . 
* 4own. Still another is 6 units, to the 'right and Ji- units down. 
See Figure 11. We can repeat this . process aat of ten as we wish, 
ai:^<i quickly get a succession of points .through whixxh "m 



the line. Write the open sentence for the line.. How w<5uld we 



have.1 chosen 



Lnts^ with respe ct to (o,. :6^„if , the , sl c ^pe had 



been S ? . What would the open 'sentence or this line he,? 



ir 
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Exercises 11.-- 3d> " . ' • 

1, with reference to set of coordinate axes, select the point 
• \ (-6, -3)' and* on 'this point draw the :line whose' slope is ^ , 
■ What, is the equation of. this line? ' . ' " . 



2. Draw -the follow jbig Xinek^. 

,(a) on the point (-1, 5)' with slope -i . « ' V 




- (fe) <iJ\*the pdint (2, 1) witfti slope - i. . , .. - 

(c) on the point' (3, k) -with slope 0 . 

(d) on the point ^(^3, 4)' ' with slope 2. - 

' point (-3, -4)^ with no slope. (What type of " 

'H4a:ie has no slope? ^ What is* the difference between / 

* » *" ■ \ ' 

(O) ,and. 0 ^ \ • . . * 

3. 1 Coiiside^ the. line on the points * (l, -1) and ' (3, 3) , ,is 
the paint ,(-3, >9) <?n this liib? (Hint: determine the 

\ slope of thf Mne on; (l^^l) and. < 3, 3); then detemlne 
the' sio]^ of the line on' (l, -i) and (-3,. -9)0 

4. (a) / What dq*the Tines, vfhose open sentences are "y ss x". 
'!y - 53C"', . "y.= ^6x", ^^y « f" have in' common? * • 

Cb) V^a:t/do the linea'^hose open sentences are "y «ix-.3*', 
V,=: |x.% 4"*; . "y ^ I'^h&ve in common? ; 
. „j^^^^ ll7ies;ifhos-e . opein-sehtences"^^^ 

- ^ ' (• «. 3%-, - 3" have in comm<»ir 
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(d) What do th6 lines whose open sentences a3?e "x V 2y ~ 7"^ 
"--X + ,7'? 3", and "2x + 4y « 12" have in common?- 
^ Show that ^ your answer is correct by drawing the graphs 
of these three lines, ' 

Given the equations: ' , ' i 

(a) '3x + 4y 12 : . \ ;(b) 2x, 3y « 6 ; 

What is the"^-intercept number of each? Draw their graphs. 
Write each equation in the y-foim. '' What Is the , slope of each 
line? Check with its graph. ^ - 

Write each of the following eq\ia'tit)ns in the y-fom. Using 

the slope and the y-intercept, graph each of the , lines. " 

• ...... • •* 

(a) 2x*.- y « 7 - * , . (c) i|.x + 3y « 12 

(b) ^3x - 4y = 12 , (dj , 3x - 6y « 12 - 

Are you certain> that the (graphs of. these open sentences are 

lines? Why? . * / 

- . .« • ' ' • ,,■ ■ •■' ' . ' ' ' . . ' 

Write" the equation of each of the following lines; . • ^ 

(a) The slope Is "| and the y-intercept number Is 0 . 

(b) The 'slope is ^. ajid the y-lntercept number I0 -2 . 

(.% The slope is .-2 and the. ^y- intercept number, is . 

• • . • ■ ^ ■ ■ " . ■ - 3 

(d) The slope Is -7 and the y-lntercept number £s ^ 

(e) The slope is m "and the y-intercept number is /b . 

Can the equation of ever^^straight line be put in this, 
form? What about the equations of the coordinate axes? 
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Given points (O, 0) and (3,. h) with a line on* them 
What is the slope of the line? What is its* y-intercept? 
Write, the equat4.oh of the line, : ■ , • . 

Write, the equation of the line whose y~ intercept number is 

.7 and which passes through the point (6, 8). What is the 

' slope of the .line? Could you write the slope as. *; 

' . 6-0 

What is the slope of the line on (-3, 2) and (3, ^k) ? 
If (x,- y) is a point on this same line, verify -that the 

sl^pe is also y . . . . f . — . Also verify that y 'is 

X - (-3) ' X - 3 • 

the slope. If, -1 and V , ,r , are , different -names for 

X - (-3; 

the slope, show that the equation of the line is 

> 

"y - 2 ^ (-l)(x + 3)" . Show that it can also be written 
. "y f 4'*«^(-i)(i - 3)" . • X . 

Write, the equations of the,; lines through the following pairs 
of polats: ' ' . ' . 
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.(a) <0, 3) and (-5, 2) » (-3, .3) and (6, 0) 

^(b) (5,1?) and (0,-4) (f,) (-3, 3) and 3) 

(c) (0," -2)' and (-3, -7) (g) (-3, 3) and (-3," 5) 

(d> (54.,-2)' and iO^-^G) " * 

•Any ex|)resslon in one variable -^x of 'the form "kx + n" 
where-^ k and- n are numbers is said to be linear in x, . 
and is Sailed a linear expression In since |he g^syh of 
t^e open^' sentence "y « kx'..4' n" is a straight line. ^Phe 
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graph of .."y + n" is also called the ^raph of t h e 
• expression "kx + n" , Draw the graph oT each of the fol- , 
lowing lineaj^ expressions: 

(a) -2x - 5 ' , ; • (c) |x -l • ' . / 

1 (b) .-2x+i . • (d) -|.x + 2 ,^ ' 

13. Consider a rectangle whose length Is 3 units greater than its 
width w , . • " ■ * 

(a) Write an expression in w wh«5§*e .value for .each value 



of w is equal to the perimeter of the rectangle. Is 



this a linear expression in w ? 
(b) Write an expressidn In w f 03^ the area of the rectangle. 

\ is this a linear exp;c»esslon in w ? , 

• -V .... , , , ■ , ■ 

3,4. Consider a circle of diameter d, , 

(a) Write an expression In d for the circumference of the 
circle. Is this expression linear In 4 :? What happens 

I t.0" the circumference if the diameter is doubled? 

Halved? If c is the clrcuraferen^, whalT can you say 
about the ratio ^ 7 How does the value of ^ change 
when the value of d is changed? . 

(b) Write an expression iSI^ d. for the area of the circle. 
Is this expression linear in d ? Is It linear 'in' 

_ d . ? If A is the area of the 0 l ir e X e J wh at can y o u s a y 



about the ratio 4. ? What about the- ratio ? Does 
the value of the a:^tlo ^ ' change when 'the value of d . 
. . . is changed? Does the value of -4r change when d is 

^ ' * changed? • 

■■\- ' I , \^ • • ■ , ^ • .f'-;-; --.- 
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15. '•In the case of the special linear expression "kx", the value 
of the expression is said to vary directly as th e value of. 
th e variab le x. The coefficient k is called the constant 
• variation . The value of the expression kx^ is said to 
. vary directly a s the s<^uare of the v a. lue of x, « 

(a) Does the circumference '"of a circle %ary directly as the 
diameter? What is the constant of variation in this 
case? Does the area of the circle . vary directly as the 
diameter? Does the area vary directly as .tlie 'square of 

^ the diameter? What is the constants ,oi* variation? 

(b) In terms of a graph, what doe^ the . constant of variation 
mean? * 



{o) It the constant of variation \is negative^ w^t^ can you 
' " . { say as to %he way in%hich the value of the expression 

* 

•varies when you change the value of the varl^ible? ; 

(d) What would be the fom of an expression in one variable 
X such tftat the value of the expression varies direct2*y 
as the square root of x ? \ ] ' 

16. An'*automoblle is moving at a constant' speed alprife a 'straight 
road. If t 'is the time in hours since the start, *wr4.te 
an expression in t whose value is the distance traveled in 
_i miles. Is this expression linear in t ? goes the distance 

vary directly as the time? How can you interpret the con-, 
v staiJir of variation in this example? If it is known that the 

automobile has«*i%veled 25 jniles at the end of 20 minutes/ 
what is the con^ant of variation? ' v.^ 
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17. Ih. the case of an expression of the form the value of ♦ 
the expression is said to vary inversely as the yalufe of x.' 
The numher k is the constant of variation, 

(a). Draw the graphs of the open sentences : y « i j 

'y *= - ^ ; ^ * X • 



(to) If the variable x is given iricreasdng positive values > 
what can you say of the values of ^ ? Do they increase 
or decrease? Does it matter whether k is positive or 
negative? 

18. A rectangle has an area of 25 ^square, units, and* on§ side, has * 
length w units, 

(a) Write an expression in w for the length of the other 




(b) Is this a case of inverse |^ariation? W^t is the 
constant of variation-? 

(c) Draw the graph of the expression In (a) ^ 

^ • Qj^^^fig Q£ open sentences involving Int^Bgers 

onljr, (Optxonal) In drawing graphs of open sentences, we. mwst 

keep In mind that|every point of a graph is associated with some 

pair of real numbers. Suppose we consider a sentence in which 

•■ * •• - 

the va;|.ues of the v£u*iables are restricted to integers, sp that" 

the coordinates of points on the- graph must be iht^e^ers. What 

would vSuch a graph look like? • " ' * 
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4^ . i'irst let us consider the coordinate axes. V/ould they 
still be straight lines? It seems that they are .sets of points 
such as^ (0, i), (0, 2), (0, 3), etc., since we are restricting 
ourselves to integers, and -waj might wish to distinguish the axes 
for such cases from»the coordinate axes fop all real numbers. 
However, a ser^^s bf ^ts would be apt to be confused with the 
graph itself; so we us^^a series of short dashes for each axis. 
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Figure 12. 



™- Irfh^^ Is l7he operr isentence-ais^fociated with the -graph- 1^ 

Figure 12 ? In detemining this, we first note that the graph 
lnclu(^s polntl^ with integral coordinaties only, and second that' 
^ach ordinate the opposite of the corresponding 'abscissa. ; 
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fhis may be stated as follows^ "y = wliere x and' y are 

integers such that -10 < xk 10 and -10 < y <M0" . ~ 
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'Figure 13, 



In Figure 13 the arrows indicate that! these points may 
go on beyond the limit of tOiis di.agram. Note that there are no 
points for x ;«'l, 2, |x = it; .x « -1, and. others; What do 

you notice about the .ordinate corresponding to each abscissa, if 
we assume that all the points, lie on a straight line, as these 
points seem %o indicate? We v|ould wr,ite the open sentence? 
"y » where ^x anA' y are |ntege^"\ Wiy can the abscissa . 
not be 1 or 2 ? . * 
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Consider Figure 14 . For 



this &et of twelve points it 



seems there is no simple open sentence. Can you describe the/ \ 
limitations on the alDscissas? What statement can you make about 
the ordinates? * . 
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Figure 14. 



These facts could be stated in a compound ope^ sentence. as- 
follows: , "1 < X < 6 and 1 <• y < 5, where x and y are 
' integers" » , ' • ^ 
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Notice that re the connectiva for the compo^md , 
sentence is andj note also that the polntis whose Coordinates ' 
make the sentence %?ue are only those which belong 'to the truth 
sets of both parts of the compound sentence. 
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Figure 15. 



I In Figure ^15 a different situation exists* Let us see 

what open sentence will describe^ this graph. The three horipSa;!^ 
tal rows pfj^dots could be the graph of the sentence: "3^< y < 7, 
vrtiere x und y , are integers" • Then we write a sentence which. 



describes the three vertical. rows of dots:. "1 < x < 5 where 
■ X and y aire integers" ! The open sentehce which ^escribes the 
total set of points is "1 < x < 5 or . 3 < y <• 7, where x and 

\y are intiegers". Another way of stating this would be: 

\, . ^< ' , ^ » ' ' . - . - .11 

or 4 < ^y < 6 where x and y are integers" . 

Notice that the connective here -is or,: ,^nd that the graph 

includes all points which belong to the truth £ 



the two parts of the compoui^ sentences, or to' 
Exercises ;il « 4 



ets of either^ of 
)Oth/of them. 



1. ' With reference, to. separate sets of coordinate goces, and-:e^? 

, ^<^y integers, /draw the grap| of eatJh of the following: 

(a-) > « f , for -6 < X < 6 - . * 

(b) y « 3x - 2 

' - ^ • ' " . " . " •■ > ' , . , . 

(c) y ,+ 4 

• • ; ■ ■ • ; • , % . ■ , ■ 

2. Draw the graphs of each of the following with reference to a ^ . ' 
separate set of coordinate axes: ^ . 

- (a) .^3 < X < 2 and -2 < y < 1, where ' x and y are • : 

r integers, . * 

(b) t3*< X < 2 ^r -.2 < y < 1, where x and y -are" 

integers. , . ' , 

( j) 5 £ 5 4 ^^'^ ^sl < 3* where x and y are ' -"1;^ 

' integers, ■ « ' " "^"^ . 

; ■ . ^ ' / ' • ' . 

(d) 5 <. X < 6 and y « 0, where x anl^xy are integers^ ^ r^^ 

• . * . ■ ■ ■ ' " ' , t . . V -.4 
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f, 3* ^ Write a compoxind open sentence whose truth -set is {(*-!, 3)} 
Write -o^pen sentences whose truth sets are the^ following sets 



of points: 



I, .• 



(a) 
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(g) 
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% . .With reference to ^eparatipi sets of coordinate axes, draw the 
gra^s of %he following: 

(a) X + 5y = 15* where x and y are integers.' 

(b) X +/5y =* 15» where x and y are real ntimbers.. 



(c) 



How do the graphs of (a) and (b) differ? Name some 

points on one graph which are not on the other. 

J' . 

• -f ' . . . . ■ ■ . , ... 
X + 5y = 15, where x and y are rational numbers. 

How does this differ f rom ttie other graphs? If. ^(x, -y) 

is a -poirit on the .line x + 5y = 15 and if x is 

rational, what yg^tat y ? 



■^1 5» - Qrag ks of open sentences involying absoiute 
value.'* Conaid^ the equation "jxi = 3" . This sentence is 
equivalent to tie sentence « 3 * or x = -3"v What would 'its 
graph look like? First consider the graph for "x > 0 ' and. 
|xl « Z% namely^ « 3"/ The graph o| this open sentence : Is 
a straight line p^palle^ to tdie- ve3Ptlcal axis and' three units to 
the right of it ♦ But If x < Q. and Ix| ^ 3^ . then x '« -3^ 
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Figure 16;* 




}and*v*A have a^so a second, line parallel to the vertiVal axis and 
; . • * . . * ■ . « - 

^ tliree uitit's to the- ieft lt» .Hence, the complete gr^h of ' ^ 

• 1^ * 3" consists of;, two lines which are the graphs of "x** 3".* ■ 

~ -aV as in Figure 16. '"'•De.scribe and draw t^e graphs of : • 

M UV^ 5 fb) lx| = 7 . (c) * |y| ' -fd) 1y-| = 3 

Por\what value of k will 'the graph' of |x| ^ k be a single 

iin-e? " • ' ■ ■• 
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Consider «he grafpli of-'the open se'rit^nce "Jx - 3| « 



. /• .Thls'^^ntence is • equivalent "to , "x - 3 ~. 2 . 'or' • • * 
,.x >- 3 = t2". What would ^%s. gra^ -160k like? First ^consider^ thq 




.^open sentence,, is a straight line parallel to the^ vertical axis " 
; . ; * ^ and^^ tb^ the righl* of J,t. |he graph pf "x - 3 = -2'% :' 

- * ^ "that Us, of "x- > Is a^iin^ . 



. * ^ and* *1 



Lt to th? rteht of if. ^ Ifei^pe" th^ complete graj^- • 

■S3 ' 




I 



of "Ix - 3| .* 2" consists -of Ijwo lines, one the graph o/ "x = 5" 
and th^ other the graph of "x^« 1", as in Figure/' 17. Chepk oh 
tile graph that one of these Tines ^ is 'two units to the right .of 
X, » 3, and the other is two units, to t^he, left of x - 3. . 




Exercises . 11 - 5a . 
•1, Draw the^grdph of each* of the'^followiaig open sentences with 
reference to a different^ set of axes : 

"' (a) fx - 4] = 2. ; ■: .{d)A Ix + 1\ ^ 2 

(b) .ly . 21 = 3 - * (e) IxVs] =1 

•(c) . lyl =5 \{f) I'y + 2| = 3 : " 

2. ' '*Craw the^ graph of each of "th6 following open sentences with . 
) ' reference ta a different set of axes:' . * . 

(aj^'lxl > 2 < ^ . ' 

1x1 > a • . * . , - ' ^ , 

(c) 1x1 < 5 ^ ■ ' . — 

3. Draw thtf graph of each of t;he following with reference to a , 
different set^ of axes.: ^ J 

(a> y > 2x,+ 4 . (c) y.^-^'- !. ' 

> (b) -y < -SL + 7 (d) y < 2x - i' V. \ 

Draw, the graph of each .of the f-ollowing With r^ferenpe to a 
, ' . d i ff e r e n t ^ j^et -of-- -axes-j - - * ' ' 

\ (a) 2x + y,> 3 ..(c) x~2y<4 - . 

„ (6)' ^ xt+'fy*^ 4 ^ ' t4)' - 23$: - -y < 3 * . . . 



-Write the open sentences for which amines, (ij, (g), (3)*, and 
I {^) in the figure/are the graphs-; Notice that "(it) actually 



^ P^3.r of lines. 




5 * i 



^- Figure for Problem 5, 



•Draw, a set of coordinate axes, ^fith reference to these axes, 
locate three pfoints %?<^ each of the sets described below* » 
For ^ach set draw a line through the three points^, * * * , 

(aj The ^econd^ coordinate of the oj^dered pair is^^tikfi^ the 
first. . V 

t 

(b) The second coordinate of ^^he ordered pair 5 more 
than 'one*.h.a3^^$^6 first . ^ , • 

^(o) The second cooj?a|5^te Of the oMered ipair'.is Qne-half . ^ 



the first. ' 
(d) The* ^econ(i coorclinate "of the ordered pair* is th^ 'opposite 
of^ the first, ^ 



Let US consider the open sentence "y |xl". Whether 
is positiye or negative, what is true of the absolute value of 
Wh^t, then, must he tru^ of y for every value of x except 
0 ? > ifhat is the value of y ^for x 0 t y • • • 
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Piom Figure 18 'we notice something »new to us: the 

gra|*i of the simple sentence "y = lx|" turns out to -be tl^two 

\ .* . ., . ■ • ' *• ' « . 

side^ of a right angleV Can you guess why this is. a right angle? 

Is it \ possible to 'have a simple equation' whpse grapi' t^ouid . be, tw0 

■ '\ • . ••■f ■ • ; • ' ■, , ■ ' • ' '"^ ' 

lines Which do not form a^ right angle? Suggest one, ; 



Exercises 11 - -Bb, . 

1. Draw the graph of each of the following with .reference to a 
sepai»ate set of axes: ' , 

(a) y « 2|x| X (d) y .^1x1 . • " 

(b) 'y « |lx| ' (e) x= -|y| 

(c) -y « -|xl- (f) x = |-2yr 

2. *- Draw the graph of each of the following with reference, to a' 

separate^ set of.axes^ ' .. - 

. (a) y= |x| + 3 • — (d) x = lyl +3 /* . 

, ' (b) ;y-« 1x| - 7 '(e) x a|yl - 1 V 

/. (c) y - 2|x| 1 ■ » . V (f) "y « -|jc| vx 

3. Draw^ the graph of each of the following with i*efere"nc^ to a 
Separate set of axes: ' ' • . . \ . " 

' • (a)_ y »^ ; |x - . (d) y = :|x + 3| ^ 5 



' (b). y > 1.x 4- 31 /V :>1 . ^ (e) y « i)x ~ ll; + 3 
C@i «y>= 2|x + 3| 

* *■ 

h , ,How would you get each of the graphs in PrololemC^: (<j ) 5 (e), 
; ^2 (a),, lb)/ (d^, {f)> ^(a), "(b), {d).feom the/grip^ off"' 
J either y = |x| or x « Iy| by rotating or sliding the graph? 
-Ixamples: 'The gra^h of "y «^ ^2]" can be obtained' by 
Slidiip^g. the;,^^^ "y « jxl ";.to the fright 2 units;. The 

. graph of »x -fy|".^caii bevobtalned by rotating the gra'ph' of 
, ~ |y|" about^the y-axiaV The graph of '''y'e jx| - 7" am 
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be obtained by* silting the graph of "y s |xl"""clown 7 -unites. 

5** What does the graph of |xt -^ \y\ « 5 look like? Let us make 
a; chart first. Suppose we start with thfe intercepts.- Let , 
• y - 0 and get all pos^ble yalues of" x whieh Mil make the 
sentence true. Then let ^^s:^ 0, and , get the Valuer of y»' " 
Now fill in .some of the other possible values 1 Suppose x, = 6,: 
what can you say about possible values for y? If 'x = 3, then 

»^ tx| = 3/. and jy|/= 2j what p<jfssj^ble values may y -have? Pill" 
in the blanks in the table below,, and then draw the graph. H 
..j^ 'Hdw' would you describe the« figure? " • • * , ' ' - . ^ ^ 
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We coul<x w3*lte four open" sentences *from 'which we could 
get tlie' same graph, provided }*e limited thfe values' of x: * 



X + y = 5, and 0 < x 5i 
' X y: « , 5, - and : p ;^ x. £ 5» " . 
:-x'+- y,;;;| 5,j and -5 < X j< 0, * 
-X - y = 5, '^and ~5. < x < 0. 



Wit^ reference »to one- set of axes, draw the graphs of tl^e f our 
open sentenced stated above . . wks "nei^sgary- to limit the * 



values of ' x?. 
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6. Dh^aw tne graph of .each, of the following with i»ef erence •'ta a 
' separate set of axes: " , 

(a) |x| + |yf > 5 (c) Ix| + |y| < 5 

7. Make .a chart of some values which iftake the open sentence 
- X ' |x| - |yl = 3 

' * ' ' - . , „ ^ * ■ *^ 

• tru6,,and draw the graph of the open sentence. Write four 
" open sentences, as in problem 3, whose '^rkphs form the^^ame 
figure. ' . * 

11 - 6, Review Exercises. ' • ' - m 

iL. K©r each of the following graphs, wrlte« its open sentence, 
assuming in each case that one square measures- one " unit t *" 



^ 1 



(b) / 
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2*. Draw the gpaph of each of the following open' sentences? 



:ERic 



(a) 


y < .3x 


(b) 


> 


(o) 


y < 1 - 5 




y > 3 




X < 1.5 . 



(g) 


|x| + |yl •=■ -2 


. (h) 


3y ^ 2x - 1 


(1) 


X = 3 and y 


•(J) 


X + y <^ -? ■ 


{k) 


3y 'i 12_«-0 



-1 



(f ) X 4- y « 0 " \ . . 

3. Draw a set <^ coordinate s^es, designating them as the 

(x, y)-axes. ^Through #oint (2, -1) draw a pair of (a,. b^)-axes, 
making the a-axis parallel to the x-axis and the b-axis 
parallel to *the y-axis . Locate the following polntsk with' 



1 
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reference to the' (x, y)«.axes: a(3, -5), B(-5, 3), G(-2, -53,4 
D(0, 3), E(0, -3), 'G{-5, -1), H(U, 3), 1(6, O), J(-6, O), 
K<2, 6). Make a table giving the coordiniites 'of each of these 
points with reference to the (a, b)-axes, j • • 



I 




Figure for Problem 4 . 



Give two equations for each! of th^ lines in Figure 21, one 
with reference to the (x, V)«ax*es^ the other wifh reference 
to the (a, b) -axes. (Note that ^Ls a pair of lines.) 
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. Figure for .Problem 5.-^ 

•If the point (-a, b) is ia the second quadrant ' . 

(aj is *a positive? 
(b) la b positive? 

'(c) If the coordinates of 'P, Q, and R have "the sanie ^ 
absolute valu^*"as the ^abscissa and ordinate of (a, b). 



state the coordinates of P, Q, and R in terms of 

" ■» * ... ■ ' ■ , 

a and b • » . 



7 
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If (c, d) is a point in the., third quadrant^ in which quadrjai|| 
is the poj^it (c, «d)? The point (-c, d)? The point (-c, — d)? 
Dra^ the graplj^ of "y = 3x + V\ What happens to this graph 
when its equation is changed las follows? ^ 



(a) ' y i=s 3(-x) + \^ 
{^) . y .« -(3x + 4) 
\c) y - (3x + 4) - 3 
(d) y « 3(x- 2) + 4 • 




t ■ ■ -y ' ' ' ' ■ 

*8.^ Draw the ^ap'h of y - 2lxl", Give the equation of the graph 
which results from each of the following changes; 

"(a). The graph is^r^ated one-half, revolution about the 

(b) The graph is, moved . 3 units 'to the right. 

(c) *rhe graph i^ moved 2 units to the lel^t*. ' * , 

(d) The graph is moved 5 units'lTp.. , ' 

(e) The graph is movpd , 2 units to the righl^'and h units 




down. 



(a) . With reference to one set of ax^s, draw \he graphs of ' 

. ■ . , 6i + 3y - 15 0 ^ 

V^at is true about -^hese two graphs ?>:'now look at the 

i-.v-_ ^ ^ V 

^ equations; how could you pt the second equation from 
r the first?' , • • * . • 

(b) Whatsis true of the graphs oti , 

• Ax 4- By +• C « 0 * " ' 

. ~. . ■ . 

cutid ^ • • 

/^Ax +.kBy +»kG = 0 for any. non-zero )c? 

(c) Under wl^at condition will- the graphs*|^ . ^ . 

\ - " • ■ . • i 



Bx + Ey + P 0 
be the sameaine? If the graphs are the same line, what 
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DescritJe It in "terms of a rotation*. Answer the following 
questions, and locate the =»polnts referred '-bo in par^s (a) 
and (b). . > . ^ * . 

(a) What points 'do the following' points go into: - 



(2, 1)-, . (2, -1), (- i, 2), (-2, -3), (3, O), 



(-5, 0), <0, 5), (O, -5) . ' ; 

(b) What points go Into the points listed_J.n (a) above? 

(c) What point does (a'^ -b) go Into? ^ 

(d) What point does (-a^.b) go into? - . , 

(e) What point goes into (a, b)? \ 

(f) What points go into themselves? 

n 

point (a - 3, b + 2); How can -you obtain this by moving all 
■ • the points of the plane? Answer "the following questions and 
locate the points: , . * 

\^ (a) What points do the following points go Into: ' 

- (i/l), (-1, -1), (-2, 2), (0, -3), (3, 0)?; ' 

(b) What points go into the above points? ' . 

» • ' ' . * '* 

(c) What point does (a, b - 2) go into? . ^ 

(d) What point goes into {~a, -b)? ' 

(e) Which ^ints gp into 'themselves? 

. (f ) Describe hosi/Hhe points are moved If (a, b) is moved 
* into (a, b - 2) . , , * v 
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Chapter IjS. 



' -^ys^e^^s of Equations and Inequalities 

* » 

- 12 - 1. Sjrstems k -equaflons . - V^e began ^a s,tudy of compound 
^entences ln Chapter 2.' V^at co-nnectlves are used in compo^und- " 
senten;ces? Let us first '.con'sider' aVaompound sentence t.o 
Glauses In t^'jo variab3^ whose odnnectiVe is "dr" j . for 
example, * . \ . » . ^ . . " 

• ' + 2y - 5 ^ 0 or 2x, + y 1 ~ o • 
When is a • 'compound Setntence with the connective "or" ^ trye^ 
The truth set of this, sentenae includes ail the ordered pairs of 
numbers which satisfy 2y . ^ w p"," a s^ well as all the " . 

ordered pairs which satisfy ;'2h: + y. - 1 =^ 0",< and the grap^ of 
its truth set is the ^air of lines drawn in Figure 1. •. ) 

y 



> 




Figure 1 



^ame three ordered pairs of numbers which belong to the truth 

set of ^ . ' ' ' ^ * y 

Name, four ordered'pairs which belong to the truth set of ' - ^ 

Which of these -ordered pairs of numbers are ^l^ments of the truth 

set of the compound open sentence . . * 

» 2y - s'" « 0 or 2jc y - 1 = 0 ? 

If we remember that the sentences "ab O" and ' "a. = 0 or b « ,0^' 
are equivalent when a and b are real. expressions, another way 
of writing this compound sentenc'e would be ^ . • . « 

' . . (x + 2y - 5)t2x 4 y - 1) = O . 

•.Which ordered pairs are elements, qf the' truth set of 
the compound open sentence "x + 2y - 0 anl ^ J - ^ J ^" * 
Nbte that only one Qrdefed pair /(-I, 3) , satisfies both clauses 
of 'this sentence,, and therefore the.grapFT^f the truth set of the 
open sentence V + 2y -^5 -'0 and. 2k + y - 1 « O"" is the ^ 
intersectiion of the pair of lines in Figure 1% " ' 

In thi^ chapter we shall devote most of our attention, to 
•compound* open sentences made up .of -two clauses connected by aM- 
This sort of, compound 'o^en sentence, with the connec"Mve "and" , 

is Qften written^ * m . - • • 

^ . /2x*+y-l-0, 

^ . lx+2y-5^0» 
■This is cklled a system of equations in two variables. When we - 
talk about the truth set of a system of equations we mean the • ^, 
intersection x)f the truth. sets of the two sentences. As we have 



seen, the truth set of ^ * \ , 

r + y - 1 = , p . ' • . 

is, {(ul, 3)]'. . ^ . 

Exercise s 12 - lav ' . ^ . 

1. Find the truth sets of the following systems of equations by 
drawing the graphs of each pair of open sentences and 
guessing the. coordinates of the int-ersectlons; (Xn each case 
verify that your guess satisfies the sentence.) 

tax + 5 - 3 = 0 (.0) lax + "37 - 9= 0 

. (b) + 3y - 3 ==^0 ( . /5x\+,y - 10 = 0 

* . — /p^ / 5x - y + 13 = 0 " . * 

* ^ - ^ tx, «. 2y - 12 = 0 : . - . 

2. Draw 'the graphs of the truth sets of the following sentences: 
(a) X +"2y - $ = 0 or 2x-,+ y - 5 = 'o . ' , 
(bK (2x - 3y + 9)(3x + y 'u 2) 0 « \ . / ' 

\ • * - * 

Did you have trouble gues-sing the cofirdinates of the 
intersection points in problems 1 (d) and (e)? Let us see if we 
•can find a .systematic waj^ to obtain the ordeijed pair without . • 
guessltig. - . •, • . - . . • 

;•■ ■ • • . vv • ^' ^ 

Returning to the compound sentence *t " 
\ + 2y - 5 0 and 2x + y - 1 « O"',. ajid looking at Figure 2 / 
we, see that there are many compound open sentences whose truth set " 
Is (f^,. 3J J for, example, "2x + y - 1 A 9 and y - 3 = O", 
and X + 2y L 5 := 0 and x + 1 ^ O" are two such equ^ivalent 
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compouncl- sentences, beUuse their ^graphs are pairs of lines " 
'intersecting in (-1, 3.) . State dt least 

'sentences whose truth set i^ {.('-l/ 3).}^ . 'V^a't is the truth Wet 

\* X + 1 = 0 .and. y - 3 = 0 ?^ 
" • * Pro^ this it* appears that v;e could easily f-j^d the 
truth set of any compound open sentence^ of the typ,e- 

' - 2,5 + y "i- 1 = 0 and' x ^ 2y - 5 = 0 ' . ^ 

if we had a method for getting the ^equations of the horizontal 
and vertical , lines through the intersection of the graphs of the 

two clauses . - , * , . " ' 

There are many lines • through any point." is a 



method Vhich> as we. shall sfee, will feive us the equation ^f any 
■"iine through the intersection of two given lines, provided 'that 
th^4.nes^do intersect in' sihgle point. We shall -again use ^ 

■ \ ' ■ • ■ ■ "'Oi • •■ . •• 

... ■ ■ ■. • • .. ■ ". . \ 



the system 

23C + y - 1 * 0 



';^x + 2y - 5 . « 0 



\ 



to illustrate » ' » 

* We multiply 'the expression on the left of the first 
equation "by. any number, say 3, and th'e express4<!^ on the left oY 
the second equation by any number, say and fo*rmtthe sentence 

3(x + 2y 5).+ T(2x + 1) = 0. 
"We see ^ that : • . ' " , - 

(1) The coordinates of the point of fnterseption - (-1, 3) of the 
two lines satisfy 'this nev; sentence; ■ ' - 

3(^1 + 2(3) - 5) + 7(2(-l) + 3 - 1) S= 3(0) + 7(0) - 0^ 
In general, know that a • pointy belongs to the graph of a 
sentence If its coordinates satisfy the sentence. So the graph of 
our new open sentence ' "3(x + 2y - 5) + 7(2>c + y - 1) = O" 
contains the point of intersection of the two lines 
"x + 2y - 5 0" and "2x + y - 1 = O". 

(2) The graiph is a line', because: • 

, \3(x^+ 2y - 5) + 7(2x + y - 1)- = .0 , ' 

3x + 6y - 15 + l^x +'7y - 7 « 0 ,^ 

17X. +^13y - 16 « 0 , \ 

and we found, in Chapter 11, that the graph of any equation of the 

fo'rm Ax + By + C = 0> is a line, a/hen either A or». B is- not 0, 

Suppose we use this ^ethod to find^^he equation of a 

line through the intersection of the graphs of the two equations 

in problem r(e) Exercises -12 - la; . < 

I 5? -.y + 13 « 0 , , 
\.x - ^ - 12 0 . ' , , 
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If we have no ,pa,rt±cuiar^ line In mind, we oan use any multipliers 
wp wish. ^L^t us, choose ,3 ahd ' -2, * and form 'the equation: ^ 
'3(5x - y + 13*) + (•'2)(x - 2y - 12} V 6. . 
l,et us assume that the point .(c,/ d) is 'the point of 
intersection of the graphs, of these .twcr equations. Bince this 
-point (c, d)^ is on" both graphs, we know that ■ . ^ 

» 

; , ^ 5c - d 

» * 

is a tirue sentence. 

. Substituting the ordered pair (c, d) in the left side 

• ' • 

of our new e4ua"Blon, we obt9.in ' • ^ » 

, <^C5e - d +13) + (-2)(c - 2d - 12) = 3(0) + {^2)(0) = 0 . 

Hence,* vre know that if ' the - graphs of the first two' equations 

intei?sect, in a p&int (e, d), tftie new line also pass.es 'through^ 

(c, d), evep though we do not know what, the p^i^^iP- (cj d)y is 

In general, we c^ say: ' ' \ 

'|f Ax + By + C = 0 and .Bx. + Ey + F = 0 

* • are the equations of two lines which 

Intersect In exactly one pointy, and if 

a and b are real numbers, then . 
' ' ' . % . 

a(Ax + By 4- C) + b(Dx '+ Ey -t^F) « 0 



is ^ the equation of a lihe which passes 
through the point of. intersection of twe 
first two lines. 



Now that we have a method i'or finding the equations of 
lines ' through 'the intersection of two given lines, let us see i? 
we can select our. multipliers • a and ,b with more carjB, so that 



/ 



, .A 



5x - y + .13 >»= 0 
X - 2y - 12 = 0 
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we can .get the eqpations' of lines parallel to. the axes. 

•■ . " . * 

' . * The system ^ - . • . 

gave us soij^e ,troublf v^hen we tried to guess its .truths set from 
the graph; so let us* see if this new approach will help us. • 
Perm the sentence . ^' 

. ^ • -«r(5x - y + 13) + b(x - 2y - i2jL: « 0. 

Let us choose a .as 2 and .b as -i , so that the ooefflcients 
of y bec^e opposltes: • ' . " ^ 

(2)(5x> y + 13) + (-.l)(x' - 2y'"- 12^ « 0 , 
lOx - 2y + 26 - x + Sy + 12 « 0 , 

"9x + 38 /X , 



35 



X + 4| « 0 , 



. This last equation represents the 'line through the 
intersection^ of the .graphs of the two given equations and parallel • 
to the y-axis. Let us. go back and select nevr multipliers that 
will give us the equation the line through the fi.nteivsection 
point and parallel to the x'^xis, .What multiplieai shall we 'use ^ 



Since we want ,the coefJi«ients of x to be oppoapLtes we choose, 
a = 1 and b = -. 5 ? * ' . ' 

" (l)'(5x - y + 13) + (-3)(x - 2y - 1^ = 0 

5x -^y -f 13 - 5x + lOy + 6o = 



s 



9y + 73 =^ 0 , 



0.) 



' 1 

* y + 8^ 

* . We now have the equajfeions of two i>ew lines, "x + ^ Q^^ 
and "y + 8~ « 0 ^\ each of w|ilch passes through^ the point of 



intersection of the graphs of the f4rst two equations-. , Why? This 

reduces our original problem to' finding the |)oint of inter'section 
t • , ~ - ■ - • ' ' . 

of these nev; lines. Can you ^ee what it is.? . So vie see that the 

truth se^b t)f the system, ' , i 



,^ r 5x + 13 = -0 
1 X. - 2y -n_l2 = 0 . ■ 

is 1^ \ Verify this fact by»shovjing that these 

coordinates satisfy both equations. 

, , No;/ v/e have a. procedure for solving any *syst an of tv/o 
. • ■ ■ . ,t 

linear equations. We -choose multipliers ■ so as to obtain an / 

equiva;Lent system of lines Jhich are horizontal and vertical. The 

choice ^of the multipliers will become easy 'i/ith practice. " 

* Coniqider another example: Three times the, smaller of 

two numbers is 6 greater than tv/ice the larger,, and three times 

the loirger is 7 gi^eat^r; than four times the smaller,.'. What are 



'the number^^ ^ 



"The smaller number x and the larger ^y must s^^sfy 
the open sentence , ' . -'^ 

• 3x -~ 2y - 6 ■ « 0 . and 4x - '3y +7 = 0 . " / 

Choose multipliers "So that the coefficients of x will be 
opposites. h and —3 will do the trick: 

' 4(3x, - 2y - 6) + (-3)(4x^ -.-'3y + 7*) = 0 , ^ 
12x - 8y ,- 24 - ISx 9y - ^ = 0> , • 

No..' v/e could choose multipliers so that the coefficients of. y 
would» be opposites, - Another -way to find the line through the 
isii^ersect^ioi) and parallel to the y-axis is^ as follows: On the * 
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♦ ■ • ■ ' . * - ■ ■ ■ 

^llne^ "y - « 0" ©^j^ypoijit has ordinate . 4^ . Thus, the 
■ ^ ordl»ate of the poln't of Iritersection is . The solution of 
* th-e sentence '^^Bx - 2y - 6 .= O" v;ith ordihate 45 is obtained, 
by solving "3x - 2(4^)^ 6* =: O" or its equivalent; 

' "x « 3r2 0" . Hence, the sentence ^ "3x - 2y - 6.= 0 and " , 

; - ♦ ^ ■ 

hx 3x. + 7 0^^ il equivalent to the sentence ^ ^1} ^ 0 and 
X -\32..~^"i Now it is easy to read off the soluti^^n of the 

■^stem as .(32, 45) . -> ^ ' ' . . 

In 'the above example, " v/hat is the solution of the 
sentence "4x ~ 3y + 7 ^O" .v7ith ordinate "*^5 ? Does it matter 

'in which sentence we assign y as 45 ? • ^ • 

, \ ' • , 

/ Bx ej'clses 12 - lb ' \. » 

• ^ 1, Find the truth. sets of the following systems of ^equations by 
^ the methad just developed.* Drav; the graphs "of each i)air erf 



equations ±^ (a) and , (b) with reference to a different 
V. set dt axes. , • — • 



.> . . Isx + 3y\ 8=0 . t2x - 7y - 34 

* (h\ + 2y ;= 4 ■. . I /x + y - 30.= 0 :^ 

\3x - 2y =12 . }'^^ Vx - y t 7 ='0 

' (c\ /5X-.- y'=.32 . f ^ |y = 7x+5 

• '4x - 2y - 19 - 0 . t4x = y-.3 

2. V/e can also use t|ie operations on equations stated in , • 

- • i •• » ■ ■ ■■ - ' • ♦ ^ ' " ■ 

^Chapter 10 to solve a system of equatioj^s . ^, The method v/hich 

i^e&ults is ej^sQntially the same as that used^bove. ^of 

example, consider the. system: 



^ " ; * ' . . l k + 3y B « 0 



and assume that (c, d) is a solution of the system.. Then* 
eaqh 'of the rollov/i,ng equations is true (Give /reasons why * 
' eachiis true%) : " ' > - ' * > > 



3c - ,2d . 
c t*3d - 


- 5 

- 8 


- 0 , 

= 0 ; . 

■^^ ^ \ • 


3(3c 2d - 
g(c,+ 3d - 


iV 


=, 3(0), 
- 2(0) i 


9c/- 6d. -., 
2x + 6d - 


il 


- 0 , 

= ,0 y 


11c " 


31 
c 


- 0 , 
31- 
IT' 



Also, 



3c - 2d - 5 = . 0 
-3(c + 3d - 8) = «3lO) , 
24 = "0 ; 



.3c - 9d + 

• -lid + 19 = ' 0. , ' 
d ^ 

So if there is a solution of the 'system 



rsx - 2y - 5 = "0 , J 



^ f . \. X + 3y - 8 0 , 

Ip^hen that solution iS , ^) ./ We must verify that this 
, is a 'solution . *• ^- . ^ " 

• • •'• " TT + 3(il8 -'8 - 0 ; 



_ 11 ^ "^11 

Are the^e sentences true? 



i This^ 4s of te» called the addition method of solving ^ 
systems 'of equations. XJfe this -method 'foi;: finding the truth 



sets of ti>e follbvjing sys};emS:, ^ « 4.^ 



4 3x 



Translate each of ttie -fpllov/ing .into open se,ntences-'.v^ith ^v^o 
variables. Find the truth set of each. * 

(a) Tl:>ree hUndrecl eleven tickets v/ere spld for a basketball 
game, some for pupils and some for adults. • Pupil' , , - • 
tickets sold for ^ cents each and adult\tickets for 75 ^ 

cents each , OSie total, jnbney received was $108v 75 . 

' ■ . . ' J. 

■ . ' ^- « . f 

.Hov/ many pupil and how many adult tickets v/ere sold? . 

(b) The Boxer family'is coming to visit, and no *one knov/s 

• ■ ■ ■ * Sl ■ ■ 

how many children they hj^(^e. Elsie, one gir*ls^ 
- says she ha*s as many brothers as sistersj her brothei^: 
^Jiramie says he has twice as many sistei*s as brothers* - . 
How many boys and hov; many girls are^ there in the Boxer ^ 
family? ^ ^ ' ^ 

(c) A fiome r.oom bought ^three-cent and, four- cent sl^amps to 
V .'mail bulletins, to the parents * Mfl^.e total cost,v/as 

'4 1^2,67 . ^If they bought 352^ stamps^ how ^jjgfiy of each 
klnd"v7ere there 4 _ ' * " . 

'(d) .A bank tellferHas 154 billp of one-dollar and fivei-dollar 

denominations. .He thinks his>tot&l is ::^466l'« Has 'he \ ' 

. ^ . ^ - * <■ 

• counted his money 'correctly? 



1^. 



*Pind the tf'uth sets, of the .following compowid open sentences*. 
■Ejaw the" graphs. Do they '-h^lp ^ou with (h). asnd (c) ? i 



(a) ■ » - .2y.V -6 = o' and '2^+ 3y -i^ 5'=:= 0 ... • ► ' 

(b) 2XL 1 y>- 5*- a**fl|nd 4x"?- '2y 10 = 0-. > / ' '-'^ 
1%) ejc + y'-*4 ir'^O. and 2x + y -* 2 4 0 ..- . '. 

Find tl4*e equat,loi? of /the line through the intersection of 

• . \ ' ' . ■ ' . ■ » ■ . 

the iln«s 5x'-*7y - -3 « 0. and 3x - 6y + 5 =: 0 and passing 

• ' ^ through the origin^ (Hint:. What is the, value of C so that 

Ax + By-+ C ;= 0 is* a line through the origin^) ^ ^ 

in'pi^blera 4 you found some compound open sentences whose 
truth sets v/ere not single orde^d pairs of numbers. "Which ones 
were the?y? Let us look more, closely af each of them. 

In the open sentence - " ' ^ . 

"2jc - y^;^ 5 « 0 and '*>3c' 1 Sy - 10 « O" , ' ' 
we note ^at ,"4x - SyY'lcT^. o" 
is equivalent to 

2(2x . y - 5),.« 2(0.) 

so we see that the grapjiis of . " 

^- ■ ' ■ > 

both clauses are identical, as ' 
shown in Pj^gure 3., and the lines 
have many points in common. . *^ 
State some of the numbers of the 
truth set of- the compound sen- 
tence^ Is the truth set a fi- 
nite set? What happ.ened when 




— . Figure 3 



you tried to solve the gpen sentence algebr^cally? Why didn 't 



•our method worK^ 



A ibmewhat different condition exists in the compound sen- 

* ^ * • ^ I » » * * " 

* tence " 2x + y - ,4 « 0 ' and 2x, + y -- 2 = 0 \ * Putting each clause 

■ . . :* • • ' ■• . ■ • . ' " ■ 

• into the' y- *formJ we^have " = 



y « -.2x + k ai^' y W -2x = 2 . 



Vlhat is the slope qf the graph of 
» * • . , • 

each of these equations? IrJh^t is 

the y-intercept nember? V7^* see 

that the graphs are twd. parallel 

lines, as in Figure 4, and there . 

is no intersectipn point. In 

such a <iase, the truth se^^ of the 

compound'*'sentence is the'l null 

set. .'What hapt)ens if we try to 

solve the s.entenee algebraically? 

*Why^ , ■ ". 
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Figure 



" * Let^us ^try to summarize what we have noted here: The truth 
set 9f . a compound open sentence in two variables, with connective ^ 
"and", • may consist of 'tSne ordered pair,' many ordered pairs," or no 

ordered pairs . .Oorrespqndingly, the graphs of the two clauses of 

" • ■ , * . ^ ' ■ 

the open sentence may have one intersection, many,. intersections, 

or no inters)^ctions. . % . * 
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Example 1. 



Equations 



2x - 3y ^nd x-+ y «- 7 j 

2 H 
y X « and .y « -x + ? 



The 



V 



tr\xth\ set is •^(5, • 2) . 



ax:Smple 2. ' . ^ , 

2x - 3y =: 7 and 4x - '6y « 14 ; 

P 7 ii • 111 

y =.^x . --^ B,nd> = ^x - ^ . 

' The truth, set is made up of 
all the ordered pairs v/hose coor- 
dinates satisfy the first equa- 
tion. (Note that the second 
clause is obtained if eaph side 
of ^ the first clause of " the origi- 
nal open sentence Is multiplied 

by 2.) ; 

Example 3. 

2x - 3y..4i= 7 and 4x - 6y = 3 ; 

■The truth set Is 0 , 



Graphs , • 
The tvjo lines which "are ' • 
the graphs of the clauses have 
one intersection, since ^he * 
slopes of t'he lines are not* the 
same . The graph of the truth 
set Is the; single point (5^ 2). 

. The graphs of the tvjo 
clauses of the open sentence . 
coinQide, since the lines <^ve 
the same slope and the ^same 
yrihtercept number . The ^uj^ire 
line is the graph of the truth 
set. ' - ' ' ', " 



The graphs of- the two . 
clauses of the open sentence 
are parallel 14.ne3^ because ^ 
they have the, same slop4 but ^ 
differeht y- Intercept numbers. 
The graph of the truth set 
'contains, no points. 



ii8l ' ..12 - 1- 



» 

, N£)tice^ in Example 3, that the coeff3,cients of x and y in 
the equation 2x - 3y 7 ^ are related in a, simple way to those in. 
ihe equation - 6y « 3. : ^ * ' • . , 



In gener^, - the reAl^^smnbers a and b are said to "be -proportion- i 
"SI. to the real^ numbers .A and B if thereis a- real number k 
' • such that " • . 

a = ,kA- ' .. and. • b « kB 

Thus/ the., numbers 2 and -3 are proportional to 4" and -6 
. , tx-ie number k being . If two lines are parallel, "uhat ban 
. ..you say about the coefficients of x and y in their equatidns^ 

Exe'rtises 12 Ic./ " * ^ . • ' ' . ' 

1. Drawi>the graphs of the open sentences , in Examples ,1 to 3 " , 
above. Find the truth set of Example 1 algebraically. 



It, 



2. Solve the follo^ilngf* compound open sentences. . Draw the graphs 
in (a) and (b) , ^ . ' * ' 

(a) 3x + 4y - 13,= .0 and 5x - 2y + 13 = o' . 

(b) x + 5y> 17 = 0 and 2x - 3y 8 = 0, / ^ • 
•(c) * 5x - 4y + 2 - 0 and lOx - 8y\ M = o . 

^ W " 12x - 4y - 5" = . 0 >nd 6x 8y - 5 " = o' . 
(e) X - 2y - 4 =, 6 and 3x - • 6y - 12 = 0 . " 
^ (f j 3(5x - 2y) - 1 = 0 and 4(7x + 2y) + 2(5x ^ 3y) = o'. 



- ' I In 
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Consider the system. 



2x « y 7 »^ 0 , 
5x + 2y - ^ =-0. 



Suppose we'write the y-form for each equation and draw its 



graph 



y = 2x - 7 and - y ■|x. + .2 . 



At what point on the graph 
of this system are the 
values of y equal? W^^at 
is the v^lue of x ' at this 
point? If we set 'the Values" 
6f y in the two sentences 
egua-l to each othe^^i, we have 
the open sentence in, one 
var^ble, ^ . . ^ 

, 2x ..;7 « - -^x ± w,. 

Tl>e. truth set of this sen- 
tence is (2} . Using this 
value for, x in each op^n 
sentence which is i^i the ^' 
y~form we. gfet: 

y = 2(2) 7- 




Figure 5. 



y,= - f (2) + 2' 

y =1 , ^3 



Why do we. get "y = -3" in both ca§es? Hence,, if the com- 
pound open sentence "2x - y 7 --0 and 5x + 2y - k = 0'' 
has a solution, it. must be (2, -3) . Verify that (2, -3) 



is the soluta^n. \ • ' 

'Suppose that we shorten > our vjork somev/hat by v;riting 



only* the first .equation in its y>^f orm. 
and then substituting the^ es^pressiorj - 7" for y in 



the second equation: ^ "% y ' - ^ ' 

' ' " ■ \ 5x « 2(2x - 7) - - 0 . 

"... ' ■ - . ' ■ ' 

Let us proceed tot solve this open sentence in one vaAable 

. . 5x + hil -14 - »4 « 0 , 

' * ^ . » " 

. , , 9x - 18. 
Then, • * ' 

sorthat th,e possdt>le solution, of the system 




, 1 ax . y - 7 = O > 



The. method jus tw <^'6Scribed ;ln which we "solve one of the 
equations for y'* in terms of x" hnd then substitute this , 
expression for y into the *other equation is c?illed a 
substitution method." Use this. method to solve the follov/ing^ 

"... ' * . * '■' • 

systems': . \. n . ^' \ 

(a) <,5x + ^y - 4 = 0% * (d) f3x,+ y + 18 = 0 , 



2x -'.7y - 34 « 0 



+ ^ - 4 = 0% (d) ( 

lix - ^ « o : : : 1 

(b) r5x + ^y « 4 = O* , ^ Oe) fy - |x + 4 „ 

llOx + 4y - 8 « 0 . . * •( y -Ix' ^ 



(c) f 3x 4y - 1 .0 , ' 



. I7x + 4y - 9 « 0 . 



As we have s'een, the truth" set of the conP&und open sentence 
^. , Ax + By. + C'a 0 and Bx + Ey +*P = 0 , , . 



may conaist of one ordered pair, of numbers ^ of many orde:fed 

paij^Sj'^or of po ordered pairs. » ^ ' 

...... y . . - 

(a) If the truth .s^t consists,, of one ordered pair^, what can 
you say abovrb the grajshs of 'the clauses? / : 

, (Id) If ^ the /truth set consists of many ordered pairs, what is 
true, of the gra^s of the two. clauses? Are the two 
clauses of^ the compound sentence equivalent? * ■ 

(c) If the truth set is J2f, how are the coefficients of x ; 

^ • * 

and y related iii the-^ two clauses? What i:S true of 
the graphs of the clauses? • \ 

\i . - •» ■ • . . . ' . ~ 

Conslde'i:' the system: - , •' ^ 



{ 



4x + 2y - 11 = 0 , 
3x y - , 2 = 0 . ' 



Draw the graph of each equation./ Put each equation in the 

."x-foi^". At wha.t point -on the graph of the system are. the ^ 

values ^of> x ^qual? What a.s the* value of y - at this point? 

■ Write an open sentence in one va;rialDle which has", this 

Walue of y as its truth set. OJhisf" is- also called a 
\. . • ■ ' . 

substitutioh method. Use this substitution method involving 



xVforms to find the truth sets of the following s^stemt? 

,<i) f3x + 2y - 1 \ \ (c) f X = 2y - i 

c \ - 3y'= 18 . V ^ : \ ^ + y « 3.3 



(b) fx 1 ^ = 0 V . • , (d) . X 5 - (x + y). = 2y , 
X + 2y, = 0 ; . . - (3y + 1) « 1 • 
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Translate each of the following into open'sentencfes with tv)o * 

variables. Pijid the truth set of feach, and answer th6 

■ . • * - ■ ~ » ■*» • . • , . * 

questi*on asked, " • . 



(a) A 90 ^ solution of /Alcohol >JLs to be mixed with a 75 
^ * ; ■,'•'**■ , " ' • » ■ 

^ 'Solution to make 20 quarts of -a^TS^ " solution. How 

* many (Juat'ts of the 90 '^ solution sbou Id be vjsed? 

(b) A'dealer has some cashev/' npts that sell at i 1*20 a 

, pound and almpnds .that sell at ^1.50 a ppund. How 
many pounds of each should he put Into^ mixture of 200 
pounds to pell at ^1.32 a pound,? - . ' .- ^ " ■ *■ 



(c) A and B . are 30 miXes .apart. If .they le^ye at ^ the. . ; 

. same time and travel in the same direotion; A overtakes 

*«■»■■ ^ . . • . - . ' 

B in 60 Wours. If they walk toward each other they • 

meet in hours, Wiat are their speeds? ' ' . . .- 

(d) It .1;akes a boat l-?r hours to go 12 miles down stream, 
' and 6 hours to return. Find the^ sp^ied. of thB current 
^ and the^ speed of . the boat in' still water. 

♦ 

(e) Hu^. weighs 80 pounds and JPred weighs 1^)0 pounds. 
They balance on a teeterboal^d that is 9 feet long. 
Each sits at. an end 'of the board. How far is each bdS|| 
from the fulcrum? 

(f^ Three pounds W appies'and, four pounds .of bananas cost 
. • ^\,08, while h pounds of apples ^and 3 pounds of 
* of bananas cost j> 1.02. What is the price per.; pound of 
apples? Of bananas? * 
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>t.ation for-^h,is>^ Carrying the idea over to inequalities, let 
us consider fcystems like the following: - . ; 

"..(^)lac ^ y ~ 3>^0 : ' 3y . 0 . • 

(a) What w^uld the graph of x + 2y 4 > 0 ^Ipok like? You 

; . • ■ . • ' ,^ •. - ' . v" . ^ ' * ' ^ ' " 

, ; recall that we first draw the grajjh of 



(g) In a; /300 mile race the- driver of car A gives the 
drivefi* of tfcCar V B *a start of 25 miles, and still 
finishes one-?ialf . hour sooner. In a. second trial, the * \ 
driver of car A .gives the driver pf -car B a start of 
• 60 ' miles and loses t)y 12 minutes. \What were the » 
> , . ^ , , average speeds * of cars A* and B in i&iles, pfer-hour? 

■ ■ • ■ * ^2 - 2; S ystems of inequalities . Ir^ 12 « 1 we defined -a 

■ y > system Qf equations as) a confound open sentence m which^two 

y ' ■ (- ■ . ■ " /^v * . ' ' 

uations are joined by th'^ connective "and". We also introduced • 



using a dashed liiae along the boundary., Irfhy? Then we 

shade the region sibove the line, since the graph of 

»x + 2y - 4 > 0"; i.e. of "y > - |x + 2". : eonsists of , 

,all those ^ points whose ordinate 'is greater than ."two 
more than -4 times tVe Abscissa". In a 'similar way, we 
Shade' the region where' "y, < 2x - 3".^ Vftiy?^ Tkils- is the- 
region below the 'line whose .equatiqn is "2x - y - 3 - O". 

-Why " is the line 'here also dashed?. When would we use a 
solid line as boundary? , . 

Since the truth set of a cpmpound open 'sentence with 
the connective a ad is the intersection of the truth sets 

.of^the'two clauses, it .follows .that the tpth set of\ the ' 
system (a) is the region indicated b^ criss-cross shading 
in Figure 6. * . ^ 

What would b^e "^^ in.whitsh-we have one 

equation and one inequanty, such asr Example (b)? What 



is the graph of "3x - 2y - 5 = 0 ? 




; • Figure 7 
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Is the graph of "x + 3y - 9 O" 'the region above' 
■"be,a.ow the line * ' . 

* X +• 3y - 9 = 0" ? 
|s the line included? Study Figure 7 carefully, and 

describe the graph of the -system / , ,\: 



X + 3y -_9 ^ 0 . 



Exercises 12 „ 2a. 



]>rai^ graphs of the truth sets of the following systems: 



T rSx + y > 8 • 
l4x^ 2y ^ ^ 

o J 6x + 3y < 0 

^ - Ux - y < 6 ' 

5x + 2y + 1 > 0 



^ 5x + 2y + 
f 3x ~ y.- 



u X 4x + 2y' = .1 
'\ t y - X ^- 4 

^ f2x + y<.4 

6 i 2x + y 

(2x Vy ^^l- 



7. 



Ix - y ^ 4 
2y < 8 



f2x « 

(4x a 



Let us consider the graph of the compound open^sentence 



X - y - '2 > 0 or* x + 
Pii»st draw the gra5>hs of the ,c^au 
'»x + 3^'- 2 > 0" * V ' ^ ' * 

■ • . V " 'V y- 




2 > p . . , , 
"x - y \. 2 > 0'^ and 




Figure 8 



"''Next we recall that the truth set -of a pompou^id open sentence with 
the conijiective or Is the union of the truth sets of the' clauses. 

* Henc6^ the graph of the compound Open sentej;ice under consideration 
includes the entire shaded region in Figure 8. , ' 



Exerclsjfes 12 - 2b. ' v. ' * 

jDraw ;the graphs of the truth sets of the follQsi^ng sentences: 

1, 2)c '+ y 3 >'0 or 3x + y -I- 1 < 0 . * * * ^ ' " ' . 

2. * ^2x + y -I- 3 < 0 or 3x - y 4- 1 < 0 . ' . ' ' / 

3, 2jc + y + 3 ^ 0 or 3x + y,^ 1^ O . 

4. 2x + y + 3 > 0 and 3x = y + 1 < 0 , , * * . ^ 

•To jcomplete. the picture, let us consider th^ compound open 
sentence: ' , ' n 

. (x - y - .2)Xx + y - '2) > 0 . : • 

Rem^her that "alD"> O" • means that "the product of a and b 

is a positive number". What can* be sai4 of a \and b if 

. ^. , ■ ■ • ■ ■ . • ■ , 

■.' ab > 0 ? Thus we ha-^e- the two possibilities:. * ' 
'-..v. . ^ x >y - 2 > 0 and x^+ y - 2 > 0 , 

*. ^ ■ ■ ^ • ^ •■ ' ■ ••' 

y ^ * X" - y - 2 '< 0 and x + y' - 2 < 0 . 

♦ 

In Figure; 8, the graph of "x - y - 2 > 0 and x + y - 2 > 0"\is 
" ^ the region indicated by the^criss-ca?oss shading^ vjhlle the graph, 
of- "x - y - 2 < 0 and 'x + y - 2 < O" is the unshaded- region, 
, " So the graph of " ; ^ • 

. '(x - y - 2)(x + y - 2) > 0 

consists of ali the' points in these two regions of -the plane. 
\ -i • IfJhich areas form the graph* of the open sentence 



i 



a2 - 2 
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, (x ^ y «,2)(x y ^ 2) <: 0 ? 



•(If ab < 0, what can , be said of a aild b ?> 

^ . '*To sumarize, we list the following pairs of equivalent 
y . ■ . • "J ■ ■ 

• sentence! . (a" and ,b are real expressions): ' ^ ^. 



ab = 0 i * 



a s -0 or b - 0 . 



ab •> 0 • a > Otand" b > 0 , or ' a < 0*^ and b'< 0 . 

.\ ab < 0 : v a' > 0 and b < 0 , or a < 0 and. ■b ,> a 

Verify , these Equivalences by golngy^back ^to the definition of the \ 

" * ' , ■ , ■ ■ '■"■■■'ax 

product of real numbers. " , i , ' " • ' ^ . ^ 



Exercises 12 - 2c . 



( 



7 



1, Draw the* gjf^aphs of the truth -iets of " the following open 

sentences ' ■> :^ \ '■ 

, (a) • (2x - y - 2)(33C.+ y - 3) y'O \ " " 

■ (b) (x + 2y - - y - 3)*< 0 . * 

^ (c) (x + 2y - 6)(2x + 4y + 4) > 0, . • \ ' 

(d) (x - ;y - 3)(3x-- 3y. - ^) < 0 . ^ 

2. '. Draw the graphs oi" the truth sets *of the following open 

"sentences ^ - • , 

^ (a) X - 3y - 5 = 0 and 3x + y + 2 ^-,0 . " 

.(V) (x - 3y - 6)(3x + y + 2) = 0 . ^ 

(c) X - 3y - 6 > q and 3x -f y + 2 > 0 . 

(d) X - 3y - 6 < 0 and 3x + y +2 < 0 . 

(e) x"" - 3y - 6 > 0 anS 3x *+ y + 2 0' . 
;(f) X .3y - 6 < 0 or 3x +> + 2 < 0 . 

(g) *x - 3y 6 = 0 or 3x + y + 2^,0 . 
' (h) (x - .3y - 6)(3x ^ y +■ 2) > Q /> 
(i) (X - 3y -i 6)(3x + y + 2) < 0 . ^ . , 



o 
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3. Draw' the s^^^ph of i;he truth set.of:>each of these systems 4)f 
inequalities: ^('»le hrag^e ^again^indica^ a- oompound'' sentence- 



with- c'oriae6tlv$ . arid > ) • 
• -/ ; ,(;335: ^ ^y \^ ^2 



4., (Optional)^ A fdotlDall team. finds itself oil. its own" 40 ^rard, 
line, .in p.ossession of the ball, with five minutes lef f in 
the game; - me score is ,3 to „0 in favor 'of the .opposing team. • 
"Ehe quaj'terback knows the t«ajn should make >3 yards: on - each ■ 

' running play,: but wi3,l use 30>econds per play-. He oan" in^e;*». ,, 
20 yards'"' on a successful pass plaj^, which usef l5 seponds\; • " : 
However,:" he usually comi)letes«qhly on|^ pass out ©I* three.- " > 

• khat t^ombination of plays will assure a victory, .x)r what 
. ^ should be the strategy oi' th>e quarterbVckr ' " x 



• V 



s 



^1 
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V^ii > -Qy-adratfc ' Polynomials 



' ; . O^A < fiyatrfis of - quadrati<^ polynomials . In Cha$)tei» 

\v' . . , ■ ^ " ". ■■ " • ♦ ' ■ . -1. 

•9-' we tix'BX studied- quadratl<i^polynomlals , that is, poiynomials 

in one variable wh4,oh involye the square but no higher powers *of • 

. • - .■^■^\ - , . ' ' • 

the yapiable,>^ Every >uoh polynomial can be written, in' the" form \ 

- ' • • . Ax^ -t Bx + C, ■ • " ^ ' 

where Aj B, and C are real numbers with A Is "*2.(x.+ 1)^ + 3" 

a quadratic polynomial? By the grap h of ' t jie polynomial " 
Ax + Bx 4- C we mepp. the graph j©f the- open sentence - 

< ' y ^ Ax^ + Bx + ' ^ ^ 

We^can make an approximate drawing of the grapl^ of a- 

quadratic polynomial %y locating sqne- of the points of the graph. " 

. ■ /f ' 

■> , . , ■ . • ' " 

Example 1. -Draw the graph of the polynomial - • 

; V . x^ 2x 3, ■ • 

Let us list some oa^dered pairs sati-sfying the equation 



> 








• 2 

■ « x^ 


- 2x 


- 3., / 








• 








3 




2 




1 








5 










--1 




-1 


3 




2 


-3 




y 




It 

9 
h. 




/„.„..„ 


-3 








-3 

A 


4 







Fill in., the missing numbers in this table^and then locate these 
points with reference to a set of coordinate. axes. The 
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. a3?rangement of the points suggests that the ^raph might look like 
.the one sketched in Figure 1. * 

y 























-5- — — — f— 

^ ^^^,.^J^^^^ 
























o' 




\ 
















Figure 1 



By locating more points whose coordinates staisfy the equation 
you can convince yourself that t^e graph does indeed have the 
^ndicated shape* i A. more syst^ematic discussion of > the shape of 
sueh graphs will be found in Chapter Ih, , . 



Exercises 13 - la. ^ 

Ii»aw, approximately, the graphs of the polynomials; 

1. 2x^, for X between* -2 ^nd 2. 

2. X - 2, for X between .-3 arid 3. * - 

3. - ix^ + X, for X between -3 and 3, . 

^ . . r ' ^ ' ■ • . , ' ■ - ^ 

X + X- + l,^or X between -3 and 2. - 



5. - i^x + Ji, for X between -1 and 5. 
2x 3x -^ 5, for .x between -2 and 3. 



You probably noticed that the preceding problems took 
a good deal of time and effort. Even* then^ you were only 
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guessing at the shapes of the graphs. Lett us try tp develop a 
jttore precise method for drawing such graphs. 



" X (in previous sections we , located some points on the graph 

of "y = x Then let us see how thls.gmph differs from that 



'Start with the most simple quadratic polynomial. 



of 



1? 



y =;/-|.x^"-, of 



,2x 



2„ 



of 



12 

= - " . , In general. 



what Will be the shape of the graph of . ■ n ' ' 

^ - ■ * * y = ax^ " , y ■ ' 

where a ,is a non-zero real number? If We draw all these graphs 

* > 

Kith reference to one set of axes, we will be able to compare 

them, A list of values of these polynomials for given vsiliJes^oof , 
X is as follows: . * < - 



X 

> 


-3 


—2 


3 


-1 


1 


' -0.1 


0 


1 • 

mmm 

3 


1 


h 

, 3 


2 

* 




X 




h 




• -1 


1 










. »^ 


k 




-^■ 2 

2x 








2 


1 
? 




0 




2 




8 


18. 


1 2 
^x 




2 




■ • 1 


1 








'1 « 

mm 




2 








-2 




1 


1 . 




0 




1 




-2 





You fill In^ the missing numbers, 
are suggested by this table. 



The grl^^ghs In.Figura .2 



Exercises 13 - lb. 

1. -How could you 'obtain the grapli of " " from the graph .of 

2, " How could you obtain the graph of " - " from the graph 

of " ix^ " f . / 

3>^^ Draw the graph of " " ,for x between, -1 ar^d 1. 
Vt^m lie grai^-of " ^x^ " for^ ^ betv^een -10 and 10. 

5. ^-How could you obtain the graph .of " -iOx^ " from the graph of 

" lox^ " ? . , ; ' . " * 

6. Explain how you could obtain the graph of " - ax^ " from the 
graph of " "/where a' is any non-zero real number. 
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Now we have a graph'* of the , polynomial " ax^ for 

any non-zero number a, let us %ove this graph horizontally to 
.obtain graphs of other quad??atic polynomials. ..^Asv^an example, let 
us <iraw the graph of . / . • 



and see how it can be obtained from the graph of " 
list* a table of eoojMinates satisfying., the equation 

; : ^ y = |(x - 3)2 - . ' 



Let us 



t 


0 


• 1 

• :T- 


1 


3 
2" 




2.5 




13 




, 5 


% 




32 
9 , 










0 


»» 

1 

32 







Pill in the missing Munjbers, The graph is compared in Figure 3 



with the graph 'of y ~ ix^ 




J' 



Figure 3 

We notice that the graph of y = |(x - 3)^ has. exactly 
theNsame shape as the graph of . 



k9T ' : 13 " 



but. is - 3 units to the right. In 'the same way we could, verify 
' that the graph of y y=: 2(x + 2)'^ " is 2 units' to the left of 
the graph of " y 2x " ':and ,has the same shape as " y - 2x 
How. bo\ild > we, -obtain the graph^of , 

• V y - -/(x + 3)^ 

from the graph; of ' * 

2 



y =t - X 



Exercise 13 - Ic • ■ * * 

Wi K i M Wil l WII II l lW l j M U M > !■ / ; , 

1. _Aftek' setting up a table of - coordinates of points, draw 
. carefully ti3^#**graph of « >, ^ , 

. ^ . ^ : y.= 2Cx + 2)^ , 

, ^with reference to' the same coordinate axes draw the g;raph of 

■ y « 2x^ • 

Prom the figure describe how you could obtain the* graph of * 

y = 2(x + 2)^," fro^he"* graph ojf " ,y 2x^ " , 
For "each of the following, describe how you could obtain the 
graph of the first from the graph of the second equation: ' 

• (a) y c= 3(x + K)^ j y = -3x^ ""^ • 

^. = -2(x n 30^., 1:_„.X. = ,-2x2 • ^ 

^ 1/,. . ■,\2 ; 1 ..2 * ^ . 



(c) y.- - ^(x + 1)^ J y ^ - 



X 
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3. Give a genex^al rule for obtaining ■ the graph of « • 

" ,y - a(x h)^ " from the graph of " y - ax where a 

and h are reai numbers and a,;^ O.'- ' " ' 

Next, let tis. move the graphs of polynomials vertically, 

' . ■, . ■ " • ■ ■ . • ' ■-■ • , ■ . ' 

Consider the^ quadratic polynomial, , ^ ' . \ ' 

; ,-|(x --3)? + 2 . , ■ . . : 

and comi)are, it with ^ the' graph, which we h^ive already obtained, of 

A table of coordinates satisfying , \. " 



u 1 



#(x - 3) 



« 'y = i(x - 3)^ +>2 " is. the following: 





/ 0 


r 

3 


1 


-3 

.2, • 


2 


2.5 


3' 


13 




5 


y 




50 

9^ 




25 






• 2 


• 65 
.32 







(you^have probably observed that each ordinate in this table i-s 
.^2 greater than the ^sooresponding ordinate in, the preceding table.) 




Figure %■ 



. V . " Again we observe that the- shaj^e of the graph has not 
changed, but that thegraph of 

is "^ol^tained- hy moving the graph of 



upward 2, units. . Similarlj/, we can show that the ^ graph of^ 
y > 2(x + 2)^- 3 can be obtained. by moving ^the graph of 
• y » 2(x + 2)^." downward 3. units; . . 

■ • • . Finally, we notice that the graphs" in Figures 3 and 

■ It . are exactly the same shape ,v and that we can obtain the graph 



of JL^i(x'-. '3)^+ 2 " by moving the graph of-" y = |x^ "to the 
right' 3 units an'd upward 2 units, 

: We shall see -in Chapter 14 that it is always possible 
to obtain the l^aph of ' ' \ " 

; , ' . , y a(x - h)^ + k 



*from the graph of 



y « ax^ 



by moving the graph -Of " y= ax^ " horizontally h units and 

vertically k' units . . 

These graphs (of quadratic polynomials) are called 
T "parabolas * ' The~lowest ( or highest ) point on the graph is called 
• the vertex, and the vertic%l line through the vertex is- called 
the axis. Thus, the vertex >f the parabola whos^ equation is 



is (0, p) and its axis is tlie line with the equation x « 0. What 
are the vea?tex ,and axis of the;-para^b o la jwhose equation is 

Exercises 13 - Id, • . 

1. ; Describe'^ how the graphs of "y = x^ - 3 " and »y « x^ +.3" cou3Ld 

be obtained from the graph of "y « x^ " ? Draw all three 
graphs with reference. to the same axes, • 

2. How could the graph of «y « 2(x - 2)^ 3 " be obtained from * 
-the graph of "y ~ 2x2 « v Draw both gi^phs with reference Ijo 
the same axes. , - - * . 

3. Draw "the parabola whose equation is "y « (x + 1)2 1 « , 
Describe 'how you obtain this graph from the gi^ph o:^ "y =» x^ " . 
What are the coordinates of its vertex €ind the equation of its 

axis? V 

\- , ■» ' . . ' ■ • 

4. Draw. the ^parabola whose equation is " -2(x «f i)2 ^ 3 « ^ ^ 
How can this jjarabola be obtained from the graph ofv "y « -2x2»»? 

5. Find equations ■ for the^jaowing pai^abolas: 

(a) The graph of " y « x^ " moved 5 tuiits to the left and 

' , ■ • . .. 

2 units downward. 

(b) The graph'of " y « -x^ » ^loved 2 units to the left and 

3 units upward. - > 
,(c> The grai^ of " y ^.^x^ " moved | unit to the right 

and 1 unit downward. 
(d> The graph of " y^ i(x + 7)2 " moved 7 units to " 
the. right and 4. units upward\ 



i3i 
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6. -.Describe, without drawing^ the' graph of each of the following: 

"^/(a)- y = 3(xV'2)^ -"4 \ (c) y = i(x - 2)^ » 2 / 
/ (b) y = n 3)^ + 1,. \ (d) y = -2(x + 1)^ + 2' 



: .13 « 2.. standard Forms . We have learn-ed how to ohtain . 

/ Ml wii II Mil ii« m ■imiiRif IN I Ilk 

■* - ^ > 

the graph of »y « - i)2 . 4« quickly. I'hls 4s the parabola ' 
obtained by moving the g3^ph of " y ^= xf " 1 \mlt to the right 
and k units downward/ We also notice that *^ * 

(x - I) - 4 5= X - 2x - 3^, for every real number x» Therefore, 

we. have obtained the graph of the .equation * V 

.• - " * • \ • > 

■ 2 ' 
y - X - 2x «• 3 • • 



Suppose we were given the • equation inHhe form 
»y « 31^2 ^ 2x - 3" instead of "y « (x - 1)^ - 4**. . How would we go 
.about,, finding ^ms second .fo«n. . .^e Wet to notice 1. that, in " • 
the second 'form, •. X is involved' only in an expression -which" is a 
perfe<yb square. Therefore, we m4.ght a^k ourselves the que^ion: 

How can X - 2x 3 be changed into a form in which x is • 

* *■ . ■ .* • . . ' • ' 

Involved only in* a perfect square? 

We can do this by *^ working backward" from x . - 2x - 3 

as follows : ^ ^ . . ^ , 

x^ - 2x - 3 = (x^ - 2X ) - 3 . 

_ ~_ _ : ^ ^ -.^ '.1. ,,. 

Now we ask: What is missing inside the parentheses to yiel4.^a 
perfect square? Clearly, what is , needed is a " 1 Why? Then 
we have ' , t ' 



•1 

.2 



- 2x - 3 « i^y- 2x + 1) - 3 - 1 , 
* . « (x - 1)^ - i|> / ■ 



Y 
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Vtoydid we also add " - 1 " as well as^ " 1 "? { ' 

Let us follow the same procedure with the polynomial 
3x^ - 12X + 5"".. We have / ' , , . ^ 

Henc,e, the graph of . - — " . ' . • 

• ' • , • . y = 3x - 12x + 5 V 

is a parabola with vertex" (2; -7) and axis x « 2. It is obtained 
by moving the graplri of "a^ Sx^ " to the rigfet 2 units ahd - . 
downward 7 tihlts. »v • \ " . • 

This method of writing a qua<|ratio polynomial in a form 
in which the variable is involved only ±n a perfect square is 
called completing the: s quare > Tlie resulting form is called the 
standard form of the quadratic polynomial. , ^ 

" '■ .' ' ' '■' ■" "■ " . V - » r ' J. 

E xercises 13 - 2* ^ . — ^ 

1. Put each of the f Growing quadratic polynomials in st^andai*^ 



forms 



\ 



(a) x^ - 2x (f )A 5x2 - lOx - 3 

(b) x^ + X + 1 . (g) W + 4 

fc) — ^x^^ -j- 6 ' (h) x^ + kx, *a real number 

• r * , 

(d) x^ - 3^ - 2. ' (i) . x^ ^ 2x - 1 . 

(e) x^ - 3x + 2 fj) ix2-3x + 2. ' 



Put each of the following quaidratic polynomials in standard 
form: . . 

(b) + 3x + 1 , . in) .6x^ - 15 • 

(c) .. - ^ ' it) (x + 1.- V^>(x + 1 + Vf) 

Describe, without drawings the graphs, - th^ ^jarabolas which are 

the graphs- of the polynomials in problem 2» 

. •< ■ • ' ■ " 

Draw the graph of 

.. "> o 

, y « X + 6x + 5 . ; 

. ' ^' ' • ■ ' : 

In how* many -points does it cross the x-axis? Wh<t points? 

■ ■ . . . ■ , ■ , ■ . ... * 

Draw the graph of - . . 

y « X -h OX + 9 - • ' - 
In how many points does -it cross the x-axis? ^What points? 
-Draw the graph of ' • . ^ • 

' ^ y = x^' + 6x + 13 . • , 

In how many points does It cross the x-axls? 
Solve the equations f-ormed in problems and 5 by letting 
V have the value 0. Compare the trut^ sets of these Equations 
' with the points where the parabolas cross the x-axls^ Devise 
a rule f or ^termlning the points in which a parabola crosses 

t^e-x-axi-s ^ - • \ : v 

Consider the standard forms of ^ the quadratic polynomials in 
problems 4^. 5 and 6. Which of these poiynomlals can be 
factored as the difference of ,two squares? 

' ' » , 



- 13 - 3, Quadpatlc equations . In. pi»o^lem . 7 yie 
learned that the graph of the parabola 



y, ~ Ax^ + Bx + G 



crosses *the x-axis at points whose Abscissas satisfy the equation 



Ax^ +"Bx + C - 0. 



This. -^.s call ed a guatiratlG equation If A ^ 0,, - . v ' 

/e solved such quad3?atlc equations- before In the cases 



where " Ax + Bx + C "could, be factored over the Integers. Can 

2x - 3x + 1'" be facfored over the integers? If so, review 
hoT^ you solved the equation 



2X^ - 3x 4-1 = 0. 



4s ^ 



I . , -^Jow we can go a st^p farther, becaujse we can write" any 

quadratic polynomial in st^andard form. ' , 



Example 1[. 'Solve the equation 



x^ - 2x 2 = 0 . 



First, we write the polynomial in standard form: 

^ x"" ^ 2x ^ 2 - (x 1)^^-3 , 

♦ Is. there a real number* whose square is 3 ? if so, 'we may treat 
the polynomial --as the difference of two squares; ' 

x^ - 2x".- -2 = (x - 1)^ - "(y^)^ ^ ^ 

Next, recall- how to factor the^differencB of two sqi^ares: 

(x - 1)2 -_(V3)2 = . 1),+ V3)((x _ 1) , ^) ; . 



ijow we have'tactored the polynomial over t h e yeal nwnbers ; 

% - x^; ^ 2x - (x - 1 + 'V^)(x - 1. - aA) . , ' . 

Moltipiy these faQtbi»s and verify the p^oduQt. - Th,e final step in 
the .s'biLution^is the familiar process of writing the equation 
" ab « 0 " 3Ja i'ts equivalent form " a ^ 0 or b ?? 0 " , where 
Si and. b are real expressions . \ Tl^eh the sentences , » 
■ • •■' « x^ - 2x - 2 « 0 / 

. X i 1 + V3 = 0 X - 1 i V3 = 0 , * ' ^ 

- " • . 3?;''«l--y3 or x^ltVS"* * W 

are all fequivalent> Hence, the tmath s^et of the equation is • 
(1 - V^, 1 -i*V3l . , 

You see that solving a quadratic equation depends on 
our being, able tg factor the . quadratic polynomials. If the factors 
are polynomials over the real numbers, we can find the truth set* 
Pjirthermore, being able to factor a quadratic polynomial depends., 

upon the standard form of the polynomial. If it is the difference. 

- ■ ' ■ ■ 

of two squares, we can factor it over the real numbers.. 

Example 2 . Solve th« equation 

■ . ' , x^ - Sac + 2 = 'o . 

* ** \ 

-Writing it in s4;andar4. fx)rm,^^ we have * x 

- x"^ - 2x + 2 = (x - l)"^ + 1 . . 

♦ • * 

This is not the. difference of two squares, and we bannot factor 
" X - 2x + 2 " over the real humbers , The ejq,uation 



r 



1S£ 



? ■ (x - 1)*^ + 1 « 0 

f .-, ■ • ■ ■ * 

;<^»not:h^ humber soluljipns, becaus'e '(x - is always 

-greater than or*equal to 0 for every real number Why? 
Hence, ^(x r l)^ > 1 Is greater than 0 for every real number x. 



Exerc ises 13 3 . ' ' * 



lector the. following polynomials over the real nunibers, if. 
possible: . . • ' • 

(a) 2{x>j- 1)^ . 5 i * ■ (e) x^-.3 
-V Is (b). x^^+ 4 \. ' . I * • (f) '9x^.~ 12X 4 . ' 

^ - 'io)'-€i^ - -X - 15 ^ ' + 2x - 1 . , : 

■ ' (a) 5(x - 2^ + 1 ' " (h) 3x - 2x^ 

^ ^ 3* Solve the' following qiiadi»atlc equations:"^ — 



- . (a) x^ + 6x + 4 * 0\ ^ <d) x^r* 2x + 

• (h) 2x «= 12 ^e) 2x « -^x « 11 

<c),v x^ + 4x + 6 ^ 0 • . (f) 12x^^- 8x a 15 " * 

■■■■V • • • • • • ♦ 

3* Plnid^the coordinates of the vertex of the paraTaola whose > 

* equation is . > • 



y =i -3x + 6x - \5 • 



What is the Xargest value the polynomial -3x + 6x - 3''" 
i ; can have? * . . . V 



•; . . . The polynomial " x - 8x + 21 " may never have a value less 

f . ^ ' than, what posAive integer? May it have values greater than 

, t^i^iB integer? .4re >ll tl:^^,/^alues of : tl:^e palynomiai ajtite^ersl 



Consider XXie polynomial 



2x^ 4x - 1 



.and- Its standard form 



■ ' . V , ; 2(x - 1)^ - .3 , - ^ * 

Is" 2 the square of, a r]sal .number? Is 3 ? Hence, 

* ~ " • ' ■ ■• • ' " " ■ ' • "' ■ 

" 2(x - 1),^ - 3 " is the' difference of two squares and can be , 

factored over the real numbers: < 

2(x - if - 3 =fc/^(x - 1) ^ VJ)(V5(X^- 1) - V^) ■ 

<i ^ , 

What is the Isruth set .of the equation . . ; ; , • 
' * . 2x^ - 4x - 1 = b ? . * 

The perimeter of a rectangle is 94 feet, and. its area is 
496 square feet. '"'What are its dimensions? , 
An open, box is constsi^c ted from a rectangular sheet of mfetal 
8. inches longer "than it is wide as follows:^ out of each^ 
isomer , a square of side .2 inches is cut, and the sides are 
folded up. The; volume of the resulting box is 256 cubic ^ . 
inches. What wej^e the djjnensiqns of the original sheet of .. ^ 

. metal?" : * . , , . . ' 

Draw grai>hs of ^e following open sentences: - - 

(a) ; y < + 6x t 5 . ^ ^— 

^^)_-yu,.-W.,..-A---„ana--^.-:.=L_^ - — :-..,L-._ 



<c) y > 3x - 2x^ .. " ^ 
(ay - 6|x| 4 5, . 



Chapter Ih 
■"Functions 



~ ^' functlori.toncep t. " Are you good at explaining 

. • ■ , ^ • ■ ■ • • • > • • ■„ • ■• ■ • . • ; r 

thirds , to other people? How would you explain to your young'er 
. brother exactly how to find the cost of sending a first-class, 
.parcel through the mails? > / . ' • , / 

Let us say' that you first go to your postmaster ^nd learn 
these facts about first-class, mail : A parcel weighing : one. ounpe 
^ or less requires It cents postage if 'ij; weighs more than one 

ou^ce and less than or equal to' two ounces," it| requires .8 cents- ~ 
. postage, ' etc . The Post ^Office will not accept a -parcel weighing ,, 
^ .more than 20 pounds for first- cXas's mai:(i,ing, : 

-You would; probably €'irst exjslain* to yoirr brother that- he ' 
shouiq^ weigh his parcel carefully and find the number representing 
the wel^t fn ounces. To what si^t of numbers will this number 
■belong? "Describe this set exactly*. Now you. will 'explain how to 
determine the amount of postage required. This will be a number 
in cents. .To what set of numbers will thlis "number belong? 
Describe this s^et exactly. I4i If ^our brother «s parcel weighs . 3 1- 




ounces, what will -the postage cost in- cents?.. How much if it 

: — — v-- — 

weighs 20 pounds and 15 ounces?. , (Remember the restri^tiorTon the 
~n;jeight " of "^^^ '-"r ' ^ ' ^ 

The problem of finding .the amount of first-elas-s •postage 
really is. a jproblem of pairing 'Off the numbers of twb. kets . The 



numbers. of the: Cl3?st set are' the real numbers, between" '0 and 320 
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represen4jlng -weights of parcels in 'ounces. .The numbers of the 
second set are pbsltlve integers ^ftween 0 and '1280 -representing 
; "cosfts of posfe|ge in -cents. What you ajr^e really explaining to 
• your .brother is the description of these two sets "and the rule : 
Which tells him. how to take a given number of the first set and / 
. "associate v;ith it a number of the second set. * ^ 

* Your brother may a§k you for a "formula*' (to you thi^ would 
mean an "expression in one variable") which would automatically 
give him. the amount of postage for each number n of ounces. Can 
you find such a formula which assigns to each real number n * 
between 0 and 320 the number of cehts in the required postagfe? 
Would * . . ' " 

. ■ ■ z^-. 4n ./ ; , ^ ^ 

* be such a formula? 'What is wrong with it? 

• . If you can^t find a formula, poseibly you can sati-sfy your . 
brother with a graph which will tell h^-m at a glance v/hat the 
pos'tage costs. , Let us draw a portion of such a graph (for n in 
ounces from ti = 0 to n » i;): * , ' , - 



ERIC 



25 
20 
'16 
12 

a 

4 



0 1 



3 4 



n 



Interpret the meanings at the circied points and the heavy dots' ^ 

on the* graph. How would you explain" to your brother how to use 

* ' • ' ■ . '1 
•~tTfiX3''gFapT"To^In^^ with.~-3_-5L-_^^ _ 

ounces? With V 4 ounces.? \ / 

Maybe he would understand the postage problem better if you " 

drew up a table for him. Let us say that his*scales read to tiie 

. nearest ^ ounce. You fill in .the -missina numbers in the table: 



First Gl¥ss Postage . 



oi^nees 

♦ 


1* 
T 


1 

2 


3 

X 


1 




li 


"1 

'if 


2 




2|. 


4 


'3 




• • <j 


cents 































You need not feel disappointed in not being able to. find a 
*. formula for this association. . 'There are many associations of 
numberjl^fch cannot be, described wi|h an expression in one 
variable; The important point is 'whether the associa?tion, can 
be -described in anj^ vmy, vvhether it be in termar of a verbal 
description, a graph, a table, or an expression in one variable. 

There are many places in the preceding chapters where we have r 
had occasion in one way or another to associate a real rjumber with 
each easement of a given set. ''When a'rrid^a" such as this turns up-^ -L_ 
^ in such a variety -of situations', -it becomes v^orthi;^!!^ to separate 
the idea oiat and study it carefully for its own sake. It is for 
this reason .that we now make a special study of associations 'of 
rekl numbers of the 'kind illustrated, in the above postage problem. 
•First let us examine . solne more situations which involve such \ 

: - ' ^ • I • ' ' - ' 

associ^tipiis , 



AH 



Exercises Ik - la; 



1. In' each of the follovdng,. describe carefully the two ,sets_ 
and the rule v^hich^ssociat^s with each element of the first set 
an element p.f .the secqnd set* ^ 



(a) 



Positive integer n 


1 


2 


3 


k: 


5 


6 


7 


a 


9 


10 


• 


nth 'Odd integer c • ■ 




3 


5 


r 


9 















(Pill in- the , missing numbers. V/hat number *is associated 
vjith 13 ? With 1000-?) • * / , 

(b) Iiragine a special computing ma chine, v/hich accepts, any 



positive .real number, multiplies it by 2 , subtracts 1 
from this, and gives out th^ result: 








Multiply by 2 ^ 




Subtract 1 _ , 







(If ""you, feed this machine the number 17, v;hat will come out; 
Wis-if fiuiuber does the machine assocldie w ith Q ? WlUlr -1 ? 



(c) Draw tv;o parallel real number lines and let the unit of 
- measure on the upper line be tv/ice that on the^ lower.line., 
' • "Then slide t>ie lower line so that its poiant • 1 is directly 



~ ' ' /, ^ ■ ■ " * - ■ ' ■ ■ ■ •■ . 

•below the point 1 .on the upper line. Now for each point on 

; the upper (first) line there is a point directly ."below on 

the second line, (V^hat number is below -13. ? . Below, 13 ? 

;What number ife associated with lOOG by this arrangement?) 

(d) ,^J>rav? a line with respect to a\set of coordinate axes such 



that its slope is 2 and 'its y-intercept number_is -1 . For 
each ^ number a on .the ,x-axis there is a number .b on .the 
y.-.axis such that (a, 'b) are the coordinates of a point on 'the 



■ *' given line. (ijTwe pi^k -1 on jbhe x-axis, the^line " 
-5 associates vjith -1--Chat numb,er on the y~axis? .What number 
is associated v/ith --^ ? With ,13 ?) * 

(e) * For *6ach real numljer^ t such, that ' tt| < 1 ,.use the linear 

expression "2t - 1" to obtain an associated number. (V/hat 
njamber does this expression associate jwith ^ ? With 2 ?) . 

(f) Given any negative real number, multiply it by" 2 and then 
subtract 1 . ' (Vftiat number does this vierbal" instruction 
associate i-^th -..13 ? With ; 0 ? ) ", 

2. In each of t^-e follov^^ing, describe tKe tvjo'sets Involved and 
.state verbally the rule v/hlch associates the elements of the 
.sets. Tell,, in each case, how many el ements the' rule 



associates with each element of the first set', 

rif- : /, ■ - . 

^(a) To each, real nuiilber c >4uch that c < 1 , assign a number 

,\ (1?) To each real number d , assign a number e suc"h that 
(d, e) is a/^olution of the sentence "d. « |e|". 

ERIC : . ; • y ' ' * ^ lis 



(c) To each real number x, assign a number y sucfi that 
is a solution of the. equation • * 

(d) To each integer p , assign a .number q ^feuch ^hat (p, q) is 
a solution of the sentence "p > q"/ ' 

(e) To each rational ^umber u , assign a number . v suck * that • . 
(u, v) is a solution of the equation^ « . 

. V. S3 U . , , 

3. ^ Give" a precise verbal- desc^l^lon of the association of. 

weight and cost of a first-cla-ss parcel. * ' j v 

4. De^ribe the workings • of a machine that- vJ^ighs. a parcel and 
automatically places , the* proper first-class postage on *fche 
parcel. , . ^ 

- V, • > 

. Some associations, -.such as in problems £?(b); (d)^ and (e), 

assign to each number in the first" set more than one number- in 

the sec'ond set.. You will notice/ hov/ever, that. 'in all our other 

■ • .■ ■ • ' 

problems and, examples, each number •selected-'^ from the first set 

was associated .with exactly one number of t^he second set. 

This is the im]>m?tant idea v/e uant to studyV We call such ,< 

^-^s^ciatrion" a- funcjlon ;: ^ ' " ;. 



-■' Given a set of , numbs rc! and rule Jhich 

assigns to each number; of thJLs set exactly one 

» •■ , » ^- , 

. V number, the resulting associatipr\ of numbers 

■ , ' . 1^ * * ■ 
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is called a function . The given set is called 
■ the domain of definition -of the function, and 



t 



tk^set of assigned numbers is called the 
yange of the function . , " 



• -We musts- be extremely careful to understand that tvjo 
associations are the same function if , and only if , they have the^. 
same domain of definition and the same rule. Thus, the functiojis 
of problen;t^l(d) and (e)' are the same, even though they are 
described differently.^ But the fuhctlons of problems 1 (a J Rnd (b) 
are different because they have different domains of ^definition. 

Now- .N-e see that a function may be d^scribed'**''3!^(n^ ways:^ By 
a table, as in problem l(aX ] by machine, as in problem 1(b) ,* 
by a diagram, as in problem 1(c) ; by.a graph, as in problem l(d)3 
by an expression in one variable, as in problem l(e) j ,o^by a 
verbal 'description, as. in prbblem 1(f) . ^ • ^. 

For our purpose, the most Important j/^a^ of describing a 
function is by an expression in one variable, since it allov;s us 
'to use algebraic methods to study the function. On the other ^ 
hand, it shopld be realized *that a function need not, and in many 
cases cannoL be described by an expression in one variable. 
(Recall, the e^^^mple of the first "class postage.) The graphical - 
method. is- also important because it enables us to visualise cer^ ^ 
tain properties of functions . s _^ '\ • 



Exercises 14\- Ij?,. « 

i;.- • Vftilch of the problems "in Exercises 13 - la describe functions 
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If any do not, explain vihy not. 

For those problems in Exercises 13 - la v;hich describe , ^ 



functions, write if possible the rule in the form of • an 

expression in x , VThere x ' belongs to the domain of 
definition, For example, in problem 1, ' the rule is given by . 
5x , v/here x is a positive integer. , • • 

♦ 

In each of ^he following, describ.e (if possible) the function 
in two vmys: " (i) by a table, (ii) by an expression in x 
liit each case, describe the domain of definition, 

(a) VJith each day associate the ihcome of the ice cream 
vendor in Chapter 6. 

(b) With each positive integer associate its reiyiainder after 

* 

division by 5 . ' 

(c) To each positive real number assign ^ of the number 
increased l^y -.2 . , .. . " ' -^^ 

■ (d)- With each positive integer n ^assoeia'te the n prime. 

~(ep Associate vfith each day pf the/^ear the number of dayS^ 
remaining in ,the (jfion-leap )• ye^. \ ; . * 

(f) Associate with the number of dollars invested atv^^6% > 
for one ye^r the number of, dollars earned as interest . 

(g) Associate Mi th^ length: of the" diameter or a "circle - 
' the length^ of thV circuiSif'erence-. ^ . ' " 

(h) Draw two identical p^r^allel number lines and ^lide the . 
lower line so that .its ,0 . point is directly under th6^. 



point 1 of the uppe;* line. Their rotate the" lower line 
, one-half revolution about its 0 point. Now associate , 
with "each number on the upper line the number directly 
below it on the Rotated lower line, ^ 

With each poa^itive ' j^teger associate the smallest factor of 
the integer (greater than 1). Form, a table of ten of the 
associated pairs given by this function. What integers are, 
associated with themselves? - 

The cost of mailing a package is determined by the weight of 
the package to the gi»eatest pound. This can be described as: 
To every positive real number (weight in pounds) assign the 
integer which is closest to it and -greater than Cr equal to ' 
it , Does this describe a function? Can it b6 represented 
• by an exp3*ession in one .variable? What is the domain of 
Mefinition? (Note that the Pos1; Office will not accept a 
package which weighs more than 32 J>ounds.) What number 
do^s this rule assign to .3.7 ? .To 5 ? * 

^ \ \ , ■ 

Assign to each real number x the number ^1 if x is 
rational and the number 1 if x is irrational. What*' 
numbers are assigned by this rule to -t, • - 6, 

V S J "10 ? Can you represent this func tion any . ' 
way other ^ than by the^ verbal description? 

Sometimes- the- domain of definition of a faction' is not , ^ 

Stated explicitly but isiinderatood to be the largest set of 

it. • • . . . • - 

real numbers to which H;he rule for the function, can be 



sensibly applied. For example, if a function is desci»ibe<i^ 
by the express ioh — -i-^, then, unless stated oth-erwise, 
'its domain of definition is the set of all real numbers 



different from -2. .(Why?) Similarly the, domain of 
defil^tion of. the. function defined- by x + 2 i*s the set 
'of ali real numbers greater lihan or equal to -2. (Why?) 
Find ^he domains of def ini^on of the functions defined by 
the, following expressions: C^. • , ' 

* :(a) -JL^" '-(c): 3 - i (e) 

X - 3 ^ ^ X . . 



(b) VSTTT (d); *; (^^) 



; In certain applications, the. domain of definition of a . 

function may be automatically 3?e^triGted to those members 

which lead to* meaningful results in the problem. For 

example, the ar^ A of a rectangle with fixed perimeter 

10 is given by A « s(5 - s), where 5 is the length, of 
* ,■ ■ ■ -. . • " ' * ^ 

• a side ip feet. The expression s(5 - s) defines a function 

for all r^al s, *but in' this problem we must restrict s 

to. numbers between 0 and 5.. '(Wiy^) What are the domains 

of def initioi^ of the functions jSivolved in the following ' , 

• " .. . ■ " • 

problems? - , ' 

(a) imat^aiaount. of interest, is ^.amed by investing 
X dollars for a year at k% ? 
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(b) A triangle has, area 12 * square inches, and its 

base measures x inches. What is the length of 
. . its. altitude^ . • 

(e) An open top rectangular box is to be made by eut- 
^ - ting a square of side x inches from each corner, 
' .of a rectangular piepe of tin measuring . 10" by 
8" - and then folding up the si^es, " What is the ' 
volume of the box? * ^ * 

14 - 2, 'The function' notation. We have been using letters 



as names of numbers.. - In a similar way we shall use* letters as 
names for functions. If f is'^a given function, -and if x is 
a n\imber in «Lts domain of definition, then we shall designate the 
number which f ..assigns to x as f(x). The s^bol '"f{x)" is' 
read "f of oc". \(it is- not f times x), and the number f (x> . 
is called the value of f at. x. • 



The function notation is a very efficient one. Thus, when 
we wish to describe the function f : . "To each real number x 
assign thfe real dumber - 2x - 1", we may writ« 

f(x) a.2x 1, for each real number x. 




Then,. f(|-) = 2(|.) - 1 = - "I *\ That i^-/^'''y?^ ' I" 

the number *- 4 . 

Similarly f (o) .;= 2(0) - 1 ^ -l\ Also, f^(a) = 2a - 1 . for any 

' real number a. * ' * 

Wh^Lt real numbers^ are represented by f(-i.), f(«.i)^ f(4), 
f (s) ivhere s is a real, number? If % is 'a real number, then 

... * "'f(2ii) = 2(2t) - 1 « 4t - r; * ^ ^ 



^at reai'rmmbers^ar^ represented by: . . 
. / f(-t), -.f(t), 2f(t), f(t - 1), f (t) . !•? 



Scaaetlmes a! function is defined in two or more parts, such 
^s the- ftmction h defined by • * 

•> hj[x) ~ X, . for each number x, such that k > 6 
■ h(x) - -X, for each number^ x suqh that x < 0 ;* 

This is a single inile arid it ^def ines one function, even though^it 
involves two equations. It. is customary to abbreviate this rule 
to the forii^ A v • ... 

h(x) « i * ~ ^ / ' : . . • 

( -X , X < 0 . / 

v. , ■ , ,., ;;, , 

What is tHe domain of definition of h? The range^ of h? Notice 

that h)(-.3) « 3 and h(3f) » 3. In fact, |pie have worked with ' 

this ^function h before in the form ' 

■ • ' ' • * ■ • , ' ' \ ■ 

" h(x).« lx|, f03? every real number x* ' . ' ; 

Let us consider another^function g' defined by the rule: , 

g(x) «~~1, for each i»eal number x such that x < 0 , 

.-»■»., • ■ ■ • , > - 

•> , II 

g(x*) 0, for X 0 , 

g(x) = ll fo^ each real numbier x such that x .> 0 . 



It is important to underst-and that this sis also a single rule for 




a single fune^on which' happens to. be de^crJ^ed in three part s> 
For convenience in writing, let us again abbreviate the above 
function g to -the form: \ 



* \S 



•- •Notice, that . g*^ assigi^a a number to every 3?eal number; henee, the 
domain of definition of V g is^ the set of 'all real* numbers. What 
is th^* range of the ■^ctlon? We see that g(-5.f « -l ancl ' . 
^. g{#) ssi. What real njambers are "^represented by g(-3.2),* 
vS^f)' ^'(V?) ? If ■ a > 0, whatis.g(a) Khat is .g(-»a) ? 

• if'* a is any hon^z^ro real ntunber, what is g( la] ) ? Is it 

V , ' ' •, " ■■ ^-^ ■ • I ■ :* . . ' '■■ 

poss>lble 450 write v g in term^ of a*rule with a single equation, , 



as we did for the function h^ in the preceding 'example? 
Exercises 14 - :2«' * ' » . 



1. ' Given- the fui^tion P defined as follows: , 
/ * " jp(x) -« - ^ for each real nmber x / 

. * , What real numbers are represented by: • ' - 

' (ai>: P(-2) • (g) R( . !-64 ;) > ~. 

- . ^ ■,'■„*. . , . . ■ ■„ - ■ . ■ , 

. (b) -F(2) . \'.^^<h) F(t), for any real nmber t 

/ , . (d) ' - 1 ' , ■ ' , (j-) .p(8t). , 

■ . ■ « " (e) P(0) , • - (jc) 



(f) |P(-6)| . • ' • ■^•! 
2,^Given^the fuactlon . G defihed by: 

G(t) » lt| for .each Beal number t. 



Is the; range of gF What viaH ,n\«nbers are 
represented by: ' , 

(a)" 0(0) ^' .■ , - . • ■ , . 

„-^:b-): : 6-(ia.>- for'aiiy real number a . 



Consider, th& function, h defined byj 

h(t) o,\t = 0 , 

t* t > 0 . 



HoH does this function <h differ from the^f)^etion g 
defined- in section 14 r 2? (No*fes3^e that th^ same ^function 

^may have different names and -different "variables, provided 

■ the rule and the domain remain the same.) 

Consider the function k- defined byt 



k{x) = 




Show that k is i^ie samfe funption as the functioh g 
defined in section 13-2. ' • , . 

Given the .function H defihed^by: • - ^ 

/• ■ ■ • . ' ■ ■ " 

.H(z) -.z^ - a, -3 < z''^, 3* 

^hat real ixumbers are represented byi 

•• • ) , , ■ ■ 

^(a) ^(2) ' (b) H(-i) 
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(0) H{-|) (e) H{^1) + 1 

(d) -H(-a) X ; (f ) H(^) _ 

(g) /H(a), f03? any. real number a ' such that -3 < aX 3 

(h) H(t - for any real nunib-er t such that -2 < t < 4 

(1) H(t>' - 1, for any real number t such that -3 < t « 3' 

Consider the function Q defined hy: 



( -1, -1 < X < 0 
( X, 0 < X < 2 , 



(a) JWhat is the domain of. (^efinition of ^ 

(b) \ What is the^ange of Q ? \ 

(c) What numbers are represented by , Q(-1)., QC-*^)* 
-Q(0), Q(|), QW V 

(d) If R is defined by . . 



{Z, 0 < 25 < *2 , 
-1, «1 < z < 0 , 



is R a different function from Q ? 



Let F be the function defined in problem 1. What is the 
truth set of each of the following sentences? 

(a) P(x) - -i (a) F(x) - -| P<x) > 2 

(b) P(x) < '0 (d) P(x) - X (f) P(x) < 1 
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8 • Let G "be the function defined in problem 2 . Draw the 
graphs of the truth sets* of the following sentences: 



14 - 2 



(a) a(x) « 1 > 

(b) G(3?: - 1) = 1 



(c) G(x) < 1 

(d) Glx + l) > 2 



9» • .Describe' ha^ each of the following -'pairs of functions differ 



if at all: «• 

■ 2 

(a) f(x) - X - 2-5 P(x) = 2-=-| 

g(x) - « 4^ 

^ ■ t*^ + 1 



1^ - 3.' Graphs of functions . One way to Represent a 
function is by meang of a graph, as we liave seen early in^thls 
chapter C When a function f is defined, the graph of f is the 
graph of the truth set of the equsition • • 

y « f(x) . 

Example 1. Draw the graph of the function f defined by: 

■ ' " " ' ■ ■ ■ ^ 

f(x) = 2X;-. 1, 0 < X < 2 . 

. ■ • , . ■'■ ^ • ' 

This" is the graph of the equation y > 2x - 1, G < x <• 2 . 




12 3 4 



X 



la i;his the same^ as -^he graph of the function F defined by 

P(x) » 2x - 1, •-2.< X < 2 ? ^ 



52k 



Example 2,: Braw the graph of the function , g .ctefined by: 

i 3e < 0 , 
Q, X.^ 0 , 

. ' u ^ 

The graph of g is . » • 



X9 



.1 ;.mi. t 



ln,„„ -I t.„,.,.,.....,J,„ 



-3 -2. -1 



0 1 2 '3 



X 



Exe3?clse3 14 3a. 



1, Draw the graphs" of the funct3,ons^ defined as follows: 

(a) T(s) = is + 1, -1 < s < 2 

. V • • • • V • ^ ' 

(b) G(xV= |x|, ^3 <x< 3 ' 

■ • ... ' * . ' 

-3 < X < 0 



(c) U(x) 



/ -X, < X <; u ^ ^ 
(* X, 0 < X < 3 ^ 



(d) V(t) -'t^ - 1, -2 < t < 1 



(e) htx) 



1 1* 



X < 0 
X > 0 



(f) H(2) « 



M 

- z 



;er|c 
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2. What are. tine domains of deflaition and the ranges of the \ 
functions defined in problem 1 ? * ; , i 

3. Draw the graph ^of the funcion q defined "^y 

' , q(x) ~ < -1 < k < 1 , * 

. ' V x^, 1 < X < 2 , 

4. Give a role for the definition of the 'function whose graph is 
the line extending from («2,' 2) to (i^, -1>, including 
endpoints. * ^ • . • * 

5. * Give a rule for^the definition of the function whose gx^aph 

consists of ' two line segments, one extending from (-1, 1) td 
" (0, 0) with, end points include, and the other extending from 
' (6, 0) to (2, 1) with end points excluded. What are the dpma^ 
of definition and range of, this function?" 

6. Draw, the grapl^of a function f which satisfies all of the 
following conditiCHis over the domain' of definition, -2 < x < 2 

f (Q) « 6 , / , . 

f(l) - 0 * . . . 

V f (2) = >2 , . . " V 

f (x) <C 0 f or G < X < 1 . 

Estimate the value of your function at ^ and at -2 . 

M<m that we loiow how to draw the graph of a function, it is 

natural to ask whether a given set of points in the plans is the 
graph of some function. Draw several sets of points and then ask 



yourself what the definition of a function reiq^ires of ^its graph: 
It requires that to each abscissa in the domain^o^ definition 
there be exactly one ordinate assigned J)y the^ function. Thus, for 
each number a in the domain of definition of the "function, how 
many^tooints on its graph have this number' as abscissa? If a ' 
vertllal 'line is drawn through th|^graph of a function, in how 
many points will the line intersect the graph? How would you* 
state. the rule for a function in terms of its graph? 



Exercises 14 - 3b, ' . 

Ill III ilNii 1 1 iiriwilliiiliuiilli III ; ^ . ^ ^ 

Consider the sets of points, coordinate axes not included, 
indicated in the following figures: 




z 
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Which, of the above figures. is the graph of some function? 
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Give the yeaS9n for your answer, in each case^,. As, an 
"illustration, consider figure (i) ..This is the graph of, a 
.function f whose domain of definition is the set of all" x 
siach that -2 < x < 2 ,' The rule for the function can be 
stated as follows: iff -2 < a < 2 ^^^^ ' * "b,. where 
(a, b)' is the (unique J)' point oh the graph with abscissa 
^ equal to a. 

The. accompanying figure is the gi?aph of a function h. From 

1^ ' ■ .■ ■ * . 

the ^raph estimate ' , , . ' 

(a) h(-3), y{0), h(2)| . ' ^ 

(b) the domain of definition of b^ ' " , 
<c) the range ^of h. 
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Let G denote a set of joints in the plane, which is the graph 
of some function g. 

(a) For 'each x in the domain of 'definition of g, explain 
how to use the graph to obtain g(x)'^. 1 * 

(b) | How do you obtain the domain of definition of g from . 

the graph of G ? 
(e) Show that if (a, b) and- (c, d) are any two distinct 



5s 



D 



points of the g|jjjj^G, then a V i . 
4 , 3;iet G be any set * of points in the plane' with tlpie property . 
that, if (a, b) and .{c, d) are any two distinct points of 
\ G, then a y Q. ^ Show that G is the graph of a function. 
Draw the graph of the equation y^ = x, for Q < x < it. Is 
this the graph of some fuhotion? 

•'''^ X>inear f unctions . A function whose 'graph is a - . . 

straight line (or a portion thereof) is called a lii!^ar function, . 
You have already worked with linear functions in ChapJ^er 11, but 
there they were studied ^n the form of linear expressions. Can - 
eacii? straight line In the plane be considered as the graph of 
some linear function? Em about t|ie line whose equation is x « 2? 
Can each lineaa^' function be represented by an expression in oiiie 
variable? W:^t is the general farm .of such an expression? (Recall 
the y-form ^^the equation of a la^ne.) 



Exercises ^4 - 4. 

— / ' , - ^ , _ / , . 

1, If .is a linear f^mctlon, then there are real number^ A 

' and/ B such that f (x) « Ax + B for every x in the domain 

(a) Describe the graph of f if A = 0. 

(b) Descrlhe the graph of f if A = O - and B = 0. 



(c) Determine A and -B if the graph of f is the line 
segmeni7 Joining (-3, t)) and (1,2), Including endpoints. 

(d) What is the domain of definition of the function in 
part (c) ? . . > . 



A, ■ " '529 '* 1^ - ^ 

(e) Determine A "-and B , ii" the graph, of t is»thfe, line 

• segment joining- (-1, l) and^ (3, 3) excluding endpoints. 

(f) What is the slope and y-intercej* of the graph of the . 
'function in part (e) ? ? * 



of def inj 



(g) What is the domain . of definition of the function in 
• part ^e) ? 

If ■ li is the ^completfe line lying on the two points' (-3, 1) 
and " (l, -1)', describe the function h whos^e graph consists 
of the points (x, y) of L such that ^ 

• . • ' , . , ,-2 < y < "2^ ^* \. : 

I^t f be the linear function defined, by: - ^ 

f.(x) = X - 2, for every real ^number x. 
Which of the following expressions describe ;& linear function 
(i.e., with a straight line graph)? - > ^ X 

(a) -(x - 2) ^ (d) Ixi :- 2 , _ 

(b) |x - 21 (e) (-x) - 2. ^ 



(c) - ^ 

Write each expression in problem 3 as a function g in ' ' 

^ ' , • ' ' . ' " . * • 1* ■ ' 

terms of the gih^en function f. Example: The expression . (a) 

deao^ribes a function g such that 

\ . "^gCx) - -f(x), for every real number x. . 

How are the ,gra^s of f and g related in problems 3 and 

parts (a) ■^d (e) ? Draw each, pair with reference to^ a , 
^ \ • ■ * ■ ^.x-*^ „ ■ . y 

separate set of coordinate axes. / / 



6. If P and G are linear fimctlons d^finecl for aye^y real.,^ by 

P(x) « -3x + 2, G(x)' 2x - 3/ / ^ 

.explain how. the. graph* of the sentence ^ v .. * " 

. , (y - P(x^^(y - G(x)y« 0 

is related^ to the graphs of F and*0. (Do this without - - 
drawinjg the graphs of . P and G.) • . « 



14 - 5. Quadratic functions . Ve described a" linear 



function In Wrms of a linear expression in one varlabl'ej I.e., 
any linear function ^ f can be defined by 

• f (x) ~ Ax + a, *" 



where A, B „are ^eal numbers. It is natural to\ define a 
quadratic function as one which Is e^ppressed in terms of a 
quadratic polynomial . in one variable, \r / ^ ' 

^ *■ ' ' Ax^ + Bx + ,C, » • 

where A, B, C Are real numbers. If A = 0, ; the quadratic " 
polynomial is reduced the linear case; hence^ we shall asstime 
throughout the remainder of this chapter ..that A Oy 



^ Example 1. Define the function g by:, • " ' ' 
g(;«) ==-2^^ - .3x -f 1, for every real number 



Then 



8(0)"= 1, S(|) = 3(|) + 1 = 1, 

I • ^ ' • 

gjt) = 2t^- 3t + 1, g(2t) « 2(2t')^.- 3(2t) + 1 

> St"^ ~ 6t + 1, 

t g(t - 1) 1= 2(t - 1)^- 3(t - 1) + 1 « 2t^- Tt\+6. 
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Also, since jb(x) « (2x .- 1) (x - 1)," it follows, that 

-g(-i)« 0 and g(l) = 0. (Why?) ' • 

■ ^ ■. ■ , ■ ■ . "" ■ ■ 

Notice that . * '* ' , " * - 

Sd-2i> « Sl-gl^- - 31-21 + 1- 3/. 

whereas ' * . 

Exercises 1^ -r 5a. i- 

1. L^t f be the quadratic funation defined by: > 

o ' ■ • . ■ • ■ " 

. • f (x),.= X. - 3x. - 21, for every real number x, ^ 

■ and g th6. quadratic function defined by^:v- 

fxV^ 3x^ - 2, -3 < X < 3 . 

(ah- Determine f(-2), f(-i), f(0), f(|), f(3); 

, f(a), f f(a + 1)* where a is any real number. 

hi) ^.Determine g(-2), g(-|^), g(o), g(3)^ \ 
g(2t - 1), -.!.< t < 2 . " ./ 

(c) Find the truth set of the sentence "f(x) » 0." 

(d) Draw the graph of the sentence: "f (x) < 0." 

(e) Determine f(t) + g(t); -3 < t < 3 ^. 

(f) Determine for the real, number a, .' 
f (a) \+ 3, f(a + 3),. 3f (a), f,(3a) . 




(g) Are all the resulting polynomials in part (f) 

' quadratic polynamials in a ? * ^ 

(h) 'Determine f(t)g(t), -3 < t < 3 . * 

(i) "Xs~"tKe'^Te"su^^ in (e) a! quadratic":" 

'polynomial in t ? How about the resulting polynomial 
in (h) n 

Describe the functions involved in thy following problems* 
State the dorftains of def ini4?ion, and »)&lve the problems, 

(a) What, is the area. A of ^ triangle \j.f the .^ength of • 
the base isv b inches ajSd the altitude \is 10 inches 
longer than theNa^e? 



{b) What is the product P of two positive hWcL^rs if the 
larger plus twice the smaller,, - s, is 120 ? " 

9 

(c) 120 feet of wire is to 'be used to build a rectangular 
pen along the wa3^1 of a large barn,, the wall of tlfe 
^•#barn forming one side of the pen. If L is the length 
.v' of the side of the pen parallel to the wall of the 

•barn, find the area A of theja§n, • • 




Draw the graph of the quadratic functj|^Pf defined by; 

(a) f (x) = + X - 1, -3 < X < 2 

■mm ^ wMk 

(b) f (x) = 3x^ - 3, -2 < X < 2 

(c) f (x) = -x^ + 1, -2 X X < 3 
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In problems, ,4 -tiirougn. 8^ 



reCer to Figure 1 and the 
graph -of . y = x^> and also 
refer to Section 11 - 6, 




Figure. 1, 

For any real number x, x'^ < OJ (Wixy?) Also, x 



h. For any real number x, x- < o;' Wy?; aj.so, x « 0 • 
if and only if x « 0, Explain why the graph of y x 
*^^ies .entirely above . the x-axis 'and touohee tl:||^*x-axis at. a 
single point (d, O). . ~ 



5. For any real number X, 



X 



,2 



If ^ (§., b) -i^ a point on the graph of y = x prove 
that {-a, b). is .also 'on the graphs. <This meains th^t 
the- portion of the graph in Quadrant TL can be ob^tained by 
rotating* the portion in. Quadrant I about the y-axis. We 
say that "the graph of y - x^" is symmetric a'bQut the 



If X is any real number such that O < x < 1, then 

< X. (Why?) Show \that the 'portion- of the graph of . - 
y = x^, for .0 < X < 1, Ijles below the grU^ of y « x. 



■4^ 



If ^ 1 < X, then 



X < . . (Why?) *, " • • .• 

Show tha^- the portion of the graph of y » x for 1 < x, 
lies ^bove the line y = x. 



If . ,a and b ^ are real n\;jinbers such that 0 < a < b, then 



a^ <'b^, "(Why?) , 
Show that ^ the graph of y « x rises steadily as we move 
tp the right from 0 . . 




Show that a tiorizontal line will intersect the graph of 



p 

y =s X in at most, two points. 



<3tioo3e any point (a> a ) on the graph of y = x t What.^ 
is %he slope of the line from (O^ 0) through (aj, a )/? * 
As we choose points of"^^ graph close to the origin 
(a close to 0) , what happens to tixelaiope of this line? 
.Can you explain why the 'graph of y = x is flat near 
the origin? 

^' " .... ■ , ^ » • • . ^ ^ _ . , - 

Problems k' through 10 ^ustif55ie»the graph of y 

drSiwn in Figure 1. ' This 'graph is an example of a parabola . 

• , ■■ *• \ ', ■ , 

The point (o, 0) is called its vertex^ and the line 
X - 0 is called Its axis .. . ^ 

With 1>ur knowledge of the graph of y ~ x^, we can 
obtain graphs .of other quadratic functions . This was done 
in Section 11 - 6 for particular quadratic functions. Let 
us verify these expensions of the graph of ,y = x to -the 
graphs of y = Ax^^^ Bx + C for real numbers A, B, C, 
.where A / 0,- \\ ' ^ 



- , 
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Describe how the graph of. 
"y « ax " differs from the^ 
graph; of "y = x^" in each 
Qf the* following casest 

(a) 0 < a < 1 

(b) a 1 ^ 

(c) < a < p , ; . 

(d) a < -1 

(e) l.al very lar§e. . 
(Refer to, Figure 2.) 




* V 



Figure 2 



• ^ ^ 



Describe how the graph of 
y « X + k differs from 
the graph of « y = x^ -in 
each of the foil-owing cases: 
(a), k > 0 • 
"(b) k < 0 

{Refer to Figure 3 . ) 




• » 



4^ 



Figure 3. , 
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3, Describe how the graph of y « (x - h) dlfSfers from the > 



graph of y = 21: in the cases: 
(a) h > 0, 

(Refer to Figure 



(b) h < 0. 




-5 -4 -3 -2 -I 



4. 



Figure 4. 

tfslng the results of problems , 1 to 3, describe Tyithout draw- 
ing their graphs the appearance'fe of the following parabolas: 



(a) y- (x + 1) 



{^(hvy - -3x 

(c) y 



2 

3 



(d).. y = -(x'- 1)' 



(e) y^ 2(x - 2)^ . 

<f) y « (x + i)^ ■¥ 1. 

(g) y « 2(x - 1)^-1 . 

(h) y « -2{x + 1)^ - 1 



5» If a, h, k are real lumbers., discuss how the graph of 
y = (x - h) + k can be obtained from the graph of 
• y « ax*^ i l?hat is the vertex of the parabola 
y ~ a(y - h) + k ? What is the equation of the axis of 



this piarabola? 
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6-> What 3.S an eq-iaation of a parabola wlapse vertex is (-1, l) 



and whose axis is the line y = 1 ? How many parabolas ^ 
. fulfill these conditk)ns? 

1^ " The graph o f y = Ax^ + Bx'+ c. In. Section 
11 - 6 we learned how to write a quadratic polynomial 
Ax^ + Bx + C Ih the form .a(x - h)^ + k . We called this latter 
torn thej&standard form of the polynomial. In the preceding 



section we learned how to draw the graph of the equation 

y = a(x - h) + k 5 Thus, we have a method for drawing quickly 



the graph Qf any quadratic function 



• 



Example !• Draw the graph of the function f defined by: " 

f (x) -3x^ + 6x - 1. 
By completing. the square, we obtain: • ' ^ • 

-.3x^'+,6x - i = -3(x^-2x + .1) - 1 + 3 - -3(x - 1)^ + 2 

r ^ , « 

The graph ofi "y = -3(x - l)^ + 2" i# obtained from the graph 
of "y, « -3x^" as ind^ca,ted: * 



U 6 538 . 

To verify that the process of movins the graph of 



"y - -3x^" ..to the rl^ht 1 unit and upward 2 units will ^ 
jictually yield the ^raplpi of "y «: -«3(x - l)^" + 2, let us argue 
as follows: Suppose that (a, b) are the coordinates of a point 
on the graph of the equation " ' ^ ^ 

y ^ -3(x - 1)^ + 2 . ; ■ 

Then tlrtese coordinates must satisfy the equation^ i^e., 
^ \; ; , b = -3(a - 1)^ + 2 

is a true sentence. But then 

^ b - 2 « -.3(a - 1)^ -"^^ . ^ -\ , 

... \ 

is also a true sentence.- This final sentence asserts that the 
point with cooxHiinates (a - 1, b - 2) is on the graph 'of 
"y « -33^^"' But what are the relative positions Qf the points 
(a - 1, b - 2) and (a, b) ? Prom (a - 1, b - a) we must move 
1 unit to the right and 2 Wts upward to, arrive^ at . (a* b) . 
That is precisely what we did to every point on the graph of ^ 
"y « ~3x^" to arrive at a point on the g3?aph of . 

"y « -3(x - 1)^ + 2" . , / 1 ' 

By completing squares we changed \9everal quadratic 
polynomials to the standard form. How do .we know that every 
quadratic polynomial can be put into the standard fom? Let us 
look at the problem in a different way. Oiven tHe polynomial 
-2x^-4x + 1, let us find numbers a, h, k (if possible) 

_ such that . .. ' , . 

* a(x - h)^ + k - -2x^- 4x +.1, for evei^y ^ real riumfeer x. 
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By simplifying the 3.eft s3,cle, we write . * ' . 

ax^~ 2ahxV (ah^ + \c ) ^ ^2x^* + 1. for e yegj LJZgalJi-umt?er jc. - — C 
Now we see "at a glance that we must find a, h, k ^ so that 
a » «2, -2ah « -k, and (ah^ + k) = 1 . l^^ly? But If a = -2, 
then the sentence "--2ah = -k'' is equivalent to "i^h = -4", i,e,, 
to ,"h* « -1" . Alsb^^if a = -2 and h = -1, then "ah^ + k = 1" 
is equivalent to "-2 + k = 1", i.e., to "k^ 3". With a = -2, 
h = -1, and k - 3, we have 



2(x 4- l)^ + 3 - -2x^ - J^x + 1, for every real number 



X 



^This method will work for any quadratic polynomial. 
Let us l^y another example . § 

Example 2. Write the standard form of the polynomial 

3x^-.7x + 5 . 

We wish to determine real numbers ^ a, h, k such that - 

a(x - h)^ + k - 3^^ - 7x + 5, fdr. every real number x , 
i.e., such that 

ax^ -2ahx + (ah^ + k) ===^^-7x + 5, for every real .x . 
do this we must 'find' a, h, k such that: ; ^ . 

a 3, -2ah = -7, ah^.+ k" = 5 . 
Now, if a = 3, then "-2ah ="-7" |is equivalenl^to "h =;= . 
Why? If a == 3 and h = then "ah*^ + k = 5" is equivalent 
to ./'k Why? With a ^ 3, ^ h = |. and k = we have 

the standard fom: ,^ 

33c^- 7x + 5 = 3(x - 1)^+ ii, for every real x\ 

6 12 * ». 




I 



Exercise!^ 14 - 6. . *^ 



Write standaiHi form and draw the graph of ea'bh of the 
following quadrat |c poljfnomials : , 

(a) ^ x^,- 6x + 10 , (d) -x^ - x H- I" 

(b) ^4x^ + 4x - 9 " (e) 4x^ + 4cx + . 

(c) -- 3 (f) - 3x + 



20 



2, For each qulidratic polynomial of problem 1, find the points 

• » • . ■ . . ' -., • • 

(if any) where the graph crosses the x-axis. 

3. Prove the theorem; Olven any quadratic j^olynomial 

Ax Bx + G, there exist real numbers a, h, k| such that 

a(x - h)^ '+ k s= Ax^ '+ Bx^ + for every real fumber x 

The numbers a, h, k are relate^ to the nu . 
by the trae\ sentences 

a - A, h = k = 5^ 

14 - 7, Solutions of (quadratic equations . Consider 
the thr^e^quadratlc polynomials \, 

P 2 2 

x^ +'2x « 3, X + 2x + 1, X, + 2x + 3, 

and their graphs shown in Figure 5. 




Figure 5* 



. ^ v Notice that the graph ot y = x • + 2x - 3 crosses the 

x-axls' In t wo pblntsT the graph of y x*" + 2x + 1 t^ouche^ the 

p ♦ ' 

X-axis in a single point j and the graph -of y = x^ + 2x + 3 does\^ 
not intersect the x-axij| at all I What is the ordinate of any 
point on the X-axis? » Another way of describing the intersections 
of these, graphs with the x-axis is: ^ The truth s^t of 



.-4 



of x' 



+ 2x - 3 « 0 is {-3, l} , 
+ ix H- 1 0 is* {-i} 



of x^ + 2x t 3 = 0 is 0 . 
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Itr g ene r a l, since the graph* of 



y = Ax + Bx + C 

is always a parabola (if A ^ O), it (seems evident that the truth 
set of the quadratic equation 

• Ax^ + Bx + C - 0 

will consist of two, one, or no real numbers according as the 
parabola Intersects, touches, or doe^not" intersect the x-axis. 

* ¥e have already learned how to solve a quadratic 

equation whose left side can be factored over the integers. ITow 
consider the quadratic polynomial 

" x^ + 2x - 1 

We know that , it cannot be factored over the integers, (^^^7^^^) 
But'^ft, can be written as . 

. x^ + 2x -1 = (x + 1)^ - 2~ 



i*e*, as the difference of two squares • Hence ^ may factor 
m H- 2x - 1 oyer the real nmbers: 

\ x^ +;2x/" 1 ((x + i) + VS)((x + 1) - V^). . 

(Verify this by multiplying the , factors . ) Then 



3^ + 2x - 1 = 0 



(x -h 1 4- V5)(x + 1 - v^) = 0 
X + 1 . + = p or X + 1 - = 0 
X « -1 - -\/2 or X = -1 + , 



are all equivalent equations, and the truth set of 



+ 2x - 1 « Q is { -1 - / '-1 -uV^l ^ j« ,^ 

This example suggests a general procedure for deteruiin- 
ing whether a quadratic equation^ has real solutions, and, if so, 
for find^iig the solutions. We have shown that any • quadratic 



equation ^ - p 

^ * Ax + Bx + C 



cas^be written in standard form 

a(x - h),^ + k = .0 . 

Let us assume that a -is positive. Otherwise, we may multiply 
both sides by («l).. The case in which k is positive number 
can be disposed" of . quicKly, because we have leaned that the 
graph of a(k ^ h)^ + k lies entirely above the x-axis if :a 
and k are positive. Then it cannot cross -the- x-axis. Hence, 
there, are no real solutions of the equation if 0 • 

If\ k « 0, we saw that the graph of a(x - h)^ 

■ , \. ^ . • _ . , ..... ... 

touches the x-axis at the point (h, 0) . Hence, there is^pne 
real solution if ' k = 0 . ^ . . , 

This leaves the case in which k is a negative number. 

Now we my \writ^ , 

. . a(x - h)^ + k - a(x - h)^ - (-k) .\, ^ 

- ' . ^ 

If k < 0,. is there a real number vh)se square is (-kJ ? How do 
factor the difference of two squares? Your restOj/ should be 

i a{x - h)2 - (-k) ='(v^(x - h) + V^.)(V^(x*- h) -y^) . 



\ 
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-4D]aug J If k — 4s-^^-a t - 4v o ^ at h o* p o lyn o m i a l ar(-X"^ l i )' '+ k carriysr 
factored ovfer the real numbers, and the equation has two real' 



solutions , 



Example 1. Factor (a) 2x + 3k - 1, (b) x + 3x +. 4 . 



(a) 2x^ + 3x - 1 = 2(x +. l)^ - 



\ 



11 

2' 2 

, 9 



(Verify this.) 



« 2^(x + |) - ( 



(b), x^ + 3x + (x + |)^ + I . 



3x2 /Vli \2 




ify this.) 



Here k is a|>poaitive number, and we cannol^ factor this ^ 
sum of 1%o squares over the real numbers . , In fact-, x^ + 3x + 

can never assume the value 0. for any real number x, because 

2 " . - 2 ' 

X +: 3x + is the sum of a non-negative number (x + ^) and 

a ppsltlve number • 



Example 2. Solvjs the equation ,x - 3x +7 = 0. 



The equations x - '3x +7 = 0", 



3x^ - X - 7 = 0', 



3(x . i)^ - § ■= 0 * (W^y?) 



In 2 85. 



6' 



♦ 



36 



0*, 



ERIC 



545 




1^ .7 T 



X. - 



K"^ ; 1 • V85 Y_ Q 



^ _ 3. - V85- . 



op. X 



I- 



_ 1 + V85 I ' 



are 9.11 eq\d;mlent . IjLence, the truth set of 



X 3xf + 7 



0 \:/is 



1 - V85 1 + K/a5 * 



.6 
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Exercises 14" - 7- 



1^. Factfor the f oll^owing quadjr^tlc polynomials ove 



the real ' 



numbers. If pos'slble: 



(a). 


t^ -j ipt > 26 




(b) 1 


|6x^ - X - 12 ^ 


(g) 




l-x^ + 4x'+'*6 


(h) 


(<3) 


4y^ + 2y + i C 


(1) 


(e) 


x^ + 7x +14 


' (3) 



2 !N 



2 - 2z - z 



,2 14 25 ^ 
.2 c.. 11, 



a and b 



2. 



. , ' any real nmbers*. 

So:j.'Ve the follo^?lng quadratic equations: 



ERIC. 



. (a) 


4 A 3x - 0 




5 5 


i ■ 0 , 




4 - X - 3x^ = 0 


(f) 




3=0 




4 - X + 3x^, « 0 


(s) 


-2y + y - 




(4) 

y 


^2 - s -•|= 0 

\ 








•\t ■ ■ 
































.7 . 5^6 

Consider, /the quadratic, polynomial in standard, form,' 
a(x - h)^ + (K7^here a, h, k are real numlDers apd - 
.a « 

(a) State a rule- for deciding whether or not the polynomial 
can be factored over the j?eal humhers. < * , 

(b) If ai. h,, k are integers, what conditions on these 
nujriB^^ guarantee that the polynomial can be factored 
over the integers, ^ 

(c) State a mile for" deciding whether the truth set of 
. ' . a(x « h)^ + k = 0 

contains two, one* or no real numbers. . 

Translate the following into open sentences and solve: 

(a) The perimeter of a rectangle Is 12 inches and its 
area , is 7 square inches . What is the length x of 
its longer side? 

(b) O]^g0E^e of a right triangle is x inches and this 
siae^ is 1 inch longer than the second side and 2 
inches shorter than the hypotenuse* What is the 
length X? 

(c) The sum of two numbers is 5 and their product is 9» 
What are the numbers? 



I, - 

§47 
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A 5. Consider the general quadratic polynomial 
.Show that 



4- Bx + G . 



(a) Ax^ + Bx + G = Attx + ^) - 



4a2 



' (see problem 3 ^ Exercises %3, - 5c) . 



(b) If - 4AC < 0, then Ax^ + Bx: + C « 0 has no solution. 



(c) If B^.- 4AG = b, then 



+ Bx + C ~ 0 has one solution. 



B 



(d) If - B^)- 4AC > 0, then Ax"^ + Bx + C = 0 h^^wo , 



solutionsj 



X 




X = 



> -B ■ Vb^ - 4AC 



(This latter •sentencj© is called the . quadratic formula 
for finding the sol\^ions of. the quadratic equation,) 



